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QUASIMINIMAL STRUCTURES, GROUPS AND ZARISKI-LIKE GEOMETRIES 


1. Introduction 


We will study quasiminimal classes, i.e. abstract elementary classes (AECs) that arise 
from a quasiminimal pregeometry structure. Abstract elementary classes were introduced 
to model theory by Shelah [26], and they provide the standard framework for the study 
of non-element ary classes. Quasiminimal classes originate from Zilber’s [2H| work, where 
he introduced quasiminimal excellent classes in order to prove categoricity of the non¬ 
elementary theory of pseudoexponential fields. 

A quasiminimal class is an AEG that can be constructed from a infinite dimensional 
quasiminimal pregeometry structure (see [3] for details). Quasiminimal pregeometry struc¬ 
tures provide an analogue to the strongly minimal first order setting. In the latter, a 
canonical pregeometry is obtained from the model theoretic algebraic closure operator, 
and ranks can be calculated as dimensions in the pregeometry. In the quasiminimal case, 
a pregeometry is obtained from the bounded closure operator (defined as Galois types hav¬ 
ing only boundedly many realizations, denoted bcl). A good exposition on quasiminimal 
pregeometries can be found in [23] and another one in [1]. 

Quasiminimal classes are uncountably categorical and have arbitrarily large models. 
They have both AP and JEP and thus a universal model homogeneous monster model. 
They are also excellent in the sense of Zilber (this is weaker than the original notion of 
excellence due to Shelah, see below). 


Our main result. Theorem 3.10, is a generalization of Hrushovski’s group conhguration 


theorem to this setting. Hrushovski proved the group conhguration theorem as a part 
of his Ph.D. thesis [7]. It has been the source of many applications of model theory to 
other helds of mathematics. The theorem holds for stable hrst order theories. It states 
that whenever there is a certain conhguration of elements in a model, a group can be 
interpreted there. The proof can be found in e.g. [25]. In the present paper, we generalize 
it to the non-elementary setting of quasiminimal classes. 

For the proof, we need an independence calculus that works in our context, so we 
develop it in Ghapter 2. Independence in AEGs has been previously studied under various 
assumptions. For instance, Hyttinen and Lessman [18] developed an independence notion 
for excellent (in the sense of Shelah) classes and showed that under the further assumption 
of simplicity, it satishes the usual properties of non-forking. Hyttinen and Kesala [I3l[l2] 
developed an independence calculus under the related assumption that an AEG be hnitary. 
There are also various other approaches to independence in AEGs, some of them under 
very general assumptions (see e.g. 0). 

In the most general approaches, independence is considered mainly over models, usually 
rather saturated ones. However, we take a diherent direction and develop our independence 
notion with independence over hnite tuples in mind. Indeed, this is what is needed for 
proving the group configuration theorem. For this purpose, we introduce FUR-classes 
(“Finite H-Rank”). The main reason for introducing these classes is to have a context in 
which certain variants of quasiminimal classes can be treated uniformly. In the elementary 
context, a model class of a first order cu-stable theory with finite Morley rank (with ^ the 
first order elementary submodel relation) provides an example of a FUR-class. 
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When developing the theory of independence, we use ideas from [18] and [19], and thus 
also from na. However, the classes treated there are excellent in the sense of Shelah, and 
quasiminimal classes don’t satisfy all the hypothesis made there, so we cannot directly 
apply the results. The basic idea is that we first assume that we have a class with some 
kind of independence relation (given in terms of non-splitting) and then show that we 
actually also have another independence notion (given in terms of Lascar splitting, see 
Dehnition |2.38 ) that has all the properties we could expect from and independence notion 


2.70). 


(Theorem 

Hrushovski’s group conhguration theorem yields a group that consists of imaginaries 
(equivalence classes in dehnable equivalence relations), and canonical bases are used in the 
proof. Thus, in addition to having a theory of independence in the monster model M, we 
need to construct and show that the theory can be applied there as well. We do this 
in section 2.4. In our context, cannot be constructed so that it is both ca-stable (in 
the sense of AECs) and has elimination of imaginaries. Since ca-stability is vital for our 
arguments, we build the theory (using ideas from [19]) so that we can always move from 
M to and then, if needed, to (M®'^)®'^ etc. We then show that if M is a monster model 
for a FUR-class, then so is M®'^. At the end of section 2.4, we show that we have canonical 
bases and that they have the usual properties one would expect. 

The main reason for presenting FUR-classes is to prove that quasiminimal classes have 
a perfect theory of independence, and in section 2.5 we show that every quasiminimal 
class is indeed a FUR-class. Moreover, we note that in quasiminimal classes, ranks can be 
calculated as dimensions in the pregeometry obtained from the bounded closure operator. 
However, we also give an example of a non-elementary class that is a FUR-class but does 
not arise from a quasiminimal pregeometry structure (Example |2.4[ ). 

In Chapter 3, we generalize Hrushovski’s group configuration theorem to our setting. 
The original theorem states that if there is a certain configuration of six tuples a, b, c, x, y, z 
in a model, then the model interprets a group. The idea is roughly that the tuples x, y, and 
z are seen as points on a plane, and the tuples a, 5, and c as transformation functions that 
move the points around. Hrushovski shows that (after making some small modihcations) 
y and z are interdehnable over 5, and then treats 6 as a function sending y to z. In 
our setting, it is much more difficult to prove the interdehnability than in the first order 
context, so the construction becomes more complicated. Another difference is that quite 
soon in the beginning of the proof, Hrushovski replaces the tuples x, y, and with their 
hnite sets of conjugates. However, in our context, the conjugates are dehned in terms of 
bounded closure, and unlike in the hrst order case, the set of conjugates can be (countably) 
inhnite. Since we cannot take arbitrary countable sets as elements of M®'^, Hrushovski’s 
trick cannot be used. To overcome the problem, we move from the pregometry to the 
canonical geometry associated to it and work there. 

In Chapter 4, we look at possibilities of generalizing Zariski geometries (see 0) to 
our setting. After presenting a generalization, Zariski-like structures, we apply our group 
conhguration theorem to show that a group can be found there as long as the canonical 
pregeometry obtained from the bounded closure operator is non-trivial (Theorem 4.20). 
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Zariski geometries were introduced by Hrushovski and Zilber P E], and Hrushovski [5] 
made use of them in his model theoretic proof of the geometric Mordell-Lang conjecture. 
Zariski geometries generalize the notion of an algebraically closed held k together with the 
Zariski topologies on each fc"'. An expository introduction to Zariski geometries can be 
found in [22] . 

According to Zilber [27], the main motivation behind this notion was to identify all 
classes where Zilber’s trichotomy principle holds. In [S], Hrushovski and Zilber showed 
that it holds for Zariski geometries: there every non locally modular strongly minimal 
set interprets an algebraically closed held. The proof is carried out by hrst formulating 
Hrushovski’s group conhguration theorem in terms of certain kind of inhnite arrays that 
are called indiscernible arrays, then using it to hnd a 1-dimensional group, and hnally 
using the group elements to hnd a held. In hnding the group and the held, families of 
plane curves play an important role. 

In Chapter 4 of the present paper, we follow the lines of the hrst part of Hrushovski’s and 
Zilber’s proof to hnd a group in a Zariski-like structure. In 4.1, we present a notion of plane 
curve that works in our setting, in 4.2 we reformulate our group conhguration theorem in 
terms of indiscernible arrays (Lemma 4.17), and hnally in 4.3 we adopt Hrushovski’s and 
Zilber’s proof to our setting and show that a suitable plane curve can be used to hnd the 
group conhguration. The work is continued in a forthcoming paper by the second author 
[20] . where it is shown that an analogue for Zilber’s trichotomy holds in a Zariski-like 
structure: a non locally modular Zariski-like structure interprets either an algebraically 
closed held or a non-classical group (see HBj). 

In [H], a Zariski geometry is dehned as a set D together with Noetherian topologies on 
each D^, satisfying four axioms labeled (Z0)-(Z3). It follows from the axioms that the 
set D must be strongly minimal. In this elementary framework, there is a canonical way 
of getting a class of structures from this single structure. However, a similar approach 
cannot be used for AECs. Thus, since quasiminimality provides a natural analogue for 
strong minimality, we work with quasiminimal classes and formulate our axioms in this 
context without using a single structure as a starting point. 

Instead of assuming the presence of a topology, we dehne a Zariski-like structure as a 
quasiminimal pregeometry structure together with a collection C of Galois dehnable sets 
satisfying nine axioms. We call these sets “irreducible” since they generalize the properties 
of irreducible closed sets in the Zariski geometry context. Indeed, Zariski geometries satisfy 
our axioms if the collection C is chosen to consist of the irreducible 0-closed sets. The more 
general notion of a closed set could also be useful, as can be seen in the example of a cover 
of the multiplicative group of an algebraically closed held (see uni). However, as the 
example demonstrates, the natural topologies do not seem to be Noetherian, and thus it 
is hard to hnd a natural notion of an irreducible set. Hence, we don’t feel our insight is 
strong enough to formulate the axioms for arbitrary closed sets. In |27|, Zilber has given 
one axiomatization for closed sets in a non-elementary case, which he calls analytic Zariski 
structures, but we have chosen a somewhat diherent route. 

Partially because of not using the more general concept of a closed set, some of our 
axioms come from Assumptions 6.6. in [8] rather than from the axiomatization (Z0)-(Z3) 
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for Zariski geometries given in the very beginning of |8]. In our axiomatization, axioms 
(ZL1)-(ZL6) give meaning to the key axioms (ZL7)-(ZL9). If, in (ZL9), we take k to be 
hnite and choose S = {k}, then we get just the axiom (Z3) of Zariski geometries (the 
dimension theorem). In the elementary case, (ZL9) is the immediate consequence of (Z3) 
and Compactness. The axioms (ZL7) and (ZL8) come from Assumptions 6.6. in [8]. 

The main result in [S] is that every very ample Zariski geometry arises from the Zariski 
topology on some algebraic curve over an algebraically closed held. One example of a 
Zariski-like geometry is the cover of an algebraically closed held of characteristic zero, 
treated in HD]. An analogue to the result from [S] might be that all non-trivial Zariski-like 
structures in some sense resemble this example. This would mean that on the level of the 
canonical geometry we would be in some sense back in the elementary case (inside the 
closure of a single point the structure may be complicated). A result like this would be in 
line with the existing studies of geometries in non-elementary cases. However, since the 
existence of a non-classical group (see [16] and na for locally modular cases) is still open, 
to prove something like this seems very difficult, and if it turns out that there are non- 
classical groups, the playground is completely open. Another open question is whether B. 
Zilber’s pseudo-exponentiation and quantum algebras (not at a root of unity) satisfy our 
axioms for Zariski-like geometries. 

All results presented can also be found in [2T] , and we refer the reader there for omitted 
details. 


2. Independence in Abstract Elementary Classes 

In this chapter, we will develop an independence notion within the context of abstract 
elementary classes satisfying certain requirements. The ideas used originate from [TH] and 

US). 

We suppose that (/C, is an AEG with AP and JEP and with arbitrarely large struc¬ 
tures, LS{}C) = u and /C does not contain hnite models. Let M be a monster model for 
/C, i.e. a 6- model homogeneous and 5-universal model of /C for a large enough cardinal 6. 

We will list six axioms (AI-AVI) and show that if these axioms hold for /C, then Lascar 
non-splitting will satisfy the usual properties of an independence notion. We will then 
give the name FUR-classes (“Finite fZ-Rank”) to AECs satisfying these requirements. 
The axioms are designed with quasiminimal classes in mind, and their main purpose is to 
obtain a full independence calculus. 

In the AEG setting, Galois types, dehned as orbits of automorphisms, provide a natural 
analogue for hrst order types. However, as our main notion of type, we will use weak types. 

Definition 2.1. Suppose A C M. We denote by Aut{pJl/A) the subgroup of the automor¬ 
phism group of M consisting of those automorphisms f that satisfy f{a) = a for each 
a e A. 

We say that a and b have the same Galois type over A if there is some f G Aut{M/A) 
such that f{a) = b. We write P{a/A) = P{a/A;M) for the Galois-type of a over A. 

We say that a and b have the same weak type over A if for all finite subsets B C A, it 
holds that t^[a/B) = t^{h/B). We write t{a/A) for the weak type of a over A. 
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We first define independence in terms of non-splitting. In section 2.1, we will give the 
axioms AI-AVI for a FUR-class and look at the properties that non-splitting independence 
has nnder these axioms. We will see that types over models have unique free extensions, 
that symmetry and transitivity hold over models, that the setting is cn-stable (in the sense 
of AECs), that weak types over models determine Galois types, and that there are no 
inhnite splitting chains of models. We then dehne G-ranks over models and hnite sets 
in terms of non-splitting (Dehnition 2.23), and show that [/-rank is preserved in free 
extensions over models. 

However, in section 2.3 we will dehne another independence notion in terms of Lascar 
splitting (see Dehnition 2.38) and extend our dehnition of [/-rank to cover ranks over 
arbitrary sets. This will be our main independence notion, and the properties of non- 
splitting independence are only used to show that the main independence notion has all 
the usual properties of non-forking (listed in Theorem 2.70). 


Definition 2.2. Let A and B be sets such that A O B and A is finite. We say that t{a/B) 
splits over A if there are b,c E B such that t{h/A) = t{c/A) but t{ab/A) ^ t{ac/A). 

We write a C if there is some finite A C B such that t{a/BUC) does not split over 
A. By A Iff C we mean that a C for each a E A. 


We note that if A C H C G for some hnite H, and t{a/C) does not split over A, then 
it is easy to see t{a/C) does not split over B either. 


2.1. FUR-classes. In this section, we will introduce FUR-classes and study the properties 
of non-splitting independence there. The main reason for introducing the notion is to show 
that quasiminimal classes (see section 2.5) have a perfect theory of independence. Indeed, 
we will use the properties of non-splitting independence to show that in FUR-classes, an 
independence notion obtained from Lascar splitting (see Dehnition 2.38) has all the usual 
properties of non-forking (Theorem 2.70). It will then turn out that every quasiminimal 
class is a FUR-class (Lemma 2.87). 

A FUR-class will be dehned using six axioms, AI-AVI. For the sake of readability, 
instead of hrst presenting all the dehnitions needed and then giving the axioms in the 
form of a simple list, we will start listing the axioms and give the related dehnitions, 
lemmas and remarks in midst of them. 

The reader can check that the model class of any cn-stable hrst order theory with 
hnite Morley rank satishes the axioms. We also give the following two non-element ary 
examples. The hrst one is also an example of a quasiminimal class (see section 2.5), and 
it was originally presented in pQ. The second example, on the other hand, is a FUR-class 
that does not arise from a quasiminimal pregeometry. It is easy to check that the examples 
satisfy our axioms, but the details for Example 2.3 can be found in 


Example 2.3. Let tC be the class of all models M = {M,E) such that E is an equivalence 
relation on M with infinitely many classes, each of size Mq- For any set X, we define the 
closure of X to be 

cl{X) = [J{ x/E\xE X}. 

We define ^ so that A ^ B if A B and A = cl{A). 
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Example 2.4. Consider the direct sum of Abelian groups G = where p 

ranges over all primes, and \p is some cardinal associated to the prime p. Let K, he the 
class of subgroups of G, and define ^ so that A ^ B if A is a subgroup of B. 

Note that this class is not first order definable. Indeed, all the models contain only 
elements of finite order, but since there are elements of arbitrarily large order in G, Com¬ 
pactness would imply the existence of non-torsion elements. 


The first axiom states that models are Kq- Galois saturated. 

AI: Every countable model A G /C is s-saturated, i.e. for any 6 G M and any 
finite A C A, there is a G A. such that t(a/A) = t{h/A). 

We now apply AI to show that for non-splitting independence, free extensions of types 
over models are unique. 


Lemma 2.5. Let B be a model. If a A, b A and t{a/B) = t{h/B), then t{a/A) = 
tip I A). 


Proof. Let c G A be arbitrary. We show that t{ac/tl)) = tihcftl)). Let i? C 13 be a hnite set 
such that neither t{a/B U A) nor t{b/B U A) splits over B. By AI, there is some d E B 
such that t{d/B) = t{c/B). We have 

t{ac/tt)) = t{ad/tt)) = t{bd/tl)) = t{bc/ttt). 


□ 


Lemma 2.6. Suppose A and B are countable models, t{a/A) does not split over some 
finite A C A, and A C B. Then there is some b such that t{h/A) = t{a/A) and b B. 

Proof. As both A and B are countable and contain A, we can, using AI and back-and- 
forth methods, construct an automorphism / G Ant (M/A) such that /(A) = B. Choose 
b = f{a). □ 

Axioms All and AIII together will guarantee that unique prime models exist. To be 
able to state All, we need the notion of s-primary models. 

Definition 2.7. We say that a model B = Aa U ljj<a; where Oj is a singleton for 
each i, is s-primary over Aa if for all n < u, there is a finite A„ C A such that for all 
{a', Oq, . .., a'jf) G M such that t{a'/A) = t{a/A), t{a', Oq, ..., a'^/AA) = t{a, Oq, ..., a^jAA 
implies t{a', Og,..., a'^/A) = t{a, oq, ..., an/A) 

All: For all a and countable A, there is an s-primary model B = Aa U lJi<aj 
(< M) over Aa. 

We denote a countable s-primary model B = Aa U ljj<a; is as above by 

A [a]. 

We will use All to show that weak types over countable models determine Galois types. 
For this, we need the following lemma. 

Lemma 2.8. Let A be a countable model, and let t{h/A) = t{a/A). Then, there is an 
isomorphism f : A[a] —)■ A[b] such that f \ A = id and f{a) = b. 
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Proof. Let A[a] = Aa U Af)] = Ah U Now there is some finite Aq C A 

such that it holds for any a', that if t(a/A) = t{a'/A) and t(a', a'o/^o) = ooMo), then 
t{a,ao/A) = t{a',aQ/A). As t(b/A) = t{a/A), there is an automorphism F G Aut(M/^) 
such that F{a) = b. Let Og = F{ao). By AI, there is some i such that t{hi/Aob) = 
t^ayAob), and in particular t{hi,h/Ao) = t{ao,a/A q). Thus, t{hi,h/A) = t{ao,a/A). Now 
we can construct / using back and forth methods. □ 

Corollary 2.9. If A is a countable model, then t{a/A) determines F {a/A). 

Definition 2.10. We say a dominates B over A if the following holds for all C: If there 
is a finite Aq C A such that t{a/AC) does not split over Aq, then B \Iff C. 

Lemma 2 . 11 . If A is a countable model, then the element a dominates .4,[a] over A. 

Proof. Let A C .4, be finite, and let B be such that t{a/AB) does not split over A. It 
suffices to show that for each n, it holds that 

HQ7 * * * 7 B. 

We make a counterassumption and suppose that n is the least number such that 

a, og,..., On YX B- 

Let C C A be a finite set so that A C C, A.y C C for each 7 < n, and f(a, qq, ..., On-i/AB) 
does not split over C. By the counterassumption, there are c,d G A U B such that 
t{c/C) = t{d/C) but t(c, a, ao,..., an/C) Y t(d,a,ao,... ,an/C). By AI, there is some 
d' E A so that t{d'/C) = t{d/C). Then, either t{d', a,ao,..., On/C) Y a,ao,..., On/C) 
or t{d', a, Og,..., On/C) Y a, Og,..., On/C). We may without loss suppose the latter. 
Since t{a, Og,..., On-i/AB) does not split over C, we have that 

t{c/C, a, OQ) ■ ■ ■ 1 1 ) t(d /C, a, Oq, . . . , (in— 1 ) • 

Thus, there is some / G Aut(M/C, a, Og,..., a„_i) such that /(c) = d'. Denote a'^ = f{an). 
Then, t(n^, a, oq, ..., an—i/An) t{(in, a, oq, ..., an—\/An ), and thus t(^a^/A., a, a ^,..., Un— 1 ) 
t{an/A, a, ao,..., On-i). In particular, 

^(dn? d /C, a, Ug,..., an—i) d /C, a, ag,..., an — 1 ), 

as d' G A. But 

t(an, d jC, a, oq, ..., an— 1 ) 7 ^ t(an, c/C, a, ao,..., an— 1 ) = tiPni d / C, a, ao,..., an— 1 ), 

a contradiction. □ 

To be able to state AIII, we need the notion of a prime model. It is defined in terms of 
weakly elementary maps. 

Definition 2.12. Let a be a cardinal and A* 7 ; M for i < a, and let A = 

say that / : A —)■ M is weakly elementary with respect to the sequenee (Aj)i<a if for all 

a E A, t{a/^) = t{f{a)/^) and for all i < a, /(A*) 7 ! M. 



QUASIMINIMAL STRUCTURES, GROUPS AND ZARISKI-LIKE GEOMETRIES 


9 


Definition 2.13. We say a model A is s-prime over A = where a is a cardinal 

and Ai is a model for each i, if for every model B and every map f : A ^ B that is weakly 
elementary with respect to {Ai)ica, there is an elementary embedding g : A ^ B such that 

f^g- 


AIII: Let A,B,C be models. If A\t^^ C and B = AaC, then there is a unique 
(not only up to isomorphism) s-prime model V over A AC. Furthermore, if C 
is such that C AC' and A is C, then T) C. 

It follows that if also A',B',C' and V are as in AIII, f : A ^ A' and g : C ^ C are 
isomorphisms and f \ B = g \ B, then there is an isomorphism h \ V ^ T>' snch that 
fAgAh. 

The axiom AIV is given in terms of player II having a winning strategy in the game 
GI{a, A, A), defined below. The motivation behind this is to be able to show that there 
are no infinite splitting chains of models (Lemma 2.22) so that a well behaving notion of 
rank can be developed. In the beginning of the game, t{a/A) is considered. The idea is 
that player I has to show that t{a/A) does not imply t{a/A), and player II tries to isolate 
t{a/A) by enlarging the set A. If the game is played in a setting with a well behaving rank, 
player II will be able to win in finitely many moves since there are no infinite descending 
chains of ordinals. 


Definition 2.14. Let A be a model, AAA finite and a G M. The game GI{a, A, A) 
is played as follows: The game starts at the position gq = a and Aq = A. At each move 
n, player I first chooses On+i G M and a finite subset A A such that f(an+i/A„) = 
t{an/An), An A and t{an+il^ t{anlA^j^f). Then player II chooses a finite 

subset An+i A A such that C An+i- Player II wins if player I can no longer make a 
move. 


Axiom AIV now states that for every tnple, there is some finite nnmber n so that player 
II has a winning strategy in n moves. 

AIV: For each a G M, there is a number n < uj such that for any countable 
model A and any finite subset A G A, player II has a winning strategy in 
GI{a, A, A) in n moves. 

As an example, consider a model class of a first order (n-stable theory. There, types 
have only finitely many free extensions, so player II can always enlarge the set to some 
An snch that t{an/An) has a nniqne free extension. After this, player I has no choice bnt 
to play some a^+i and so that MR{an+i/An+i) < MR{an/An) (here, MR stands for 
Morley rank). Hence, AIV is satisfied (with n = MR{a/A)). 

We now apply AIV to prove that any tuple is free over a model from the model itself 
and that the number of weak types over a model equals the cardinality of the model. 

Lemma 2.15. Let a G M 6e arbitrary, and let A be a model. Then, a A. 

Proof. It suffices to show that there is a finite AAA such that t{a/A) does not split 
over A. Suppose not. Assume first that A is countable. We claim that then player I 
can survive u moves in GI{a, A, A) for any finite subset A G A, which contradicts AIV. 
Suppose we are at move n and that t{an/A) splits over every finite subset of A containing 
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An- In particular, it splits over An- Let b, c be tuples witnessing this splitting. Let / G 
Aut(M/y4„) be such that f{b) = c and f{A) = A. Now player I chooses a^+i = /(an) and 
^n+l ^nU{c}. Then, tiOin/AA) tifln+l/AA) but t(cin-\-lC/An) tijlnb/An) 7 ^ t{OjnC/An) 
and thus t(an+i/A„+i) 7 ^ t{anlAn+i)- As t{an/A) splits over every hnite subset of A 
containing An, the same is true for t{an+i/A). 

Let now A be arbitrary and suppose that t{a/A) splits over every hnite A C A. Let B 
be a countable submodel of A. Then, B contains only countably many hnite subsets. For 
each hnite B G B, we hnd some tuples b,c E A witnessing the splitting of t{a/A) over 
B. We now enlarge B into a countable submodel of A containing all these tuples. After 
repeating the process u many times we have obtained a countable counterexample. □ 

Lemma 2.16. For all models A, the number of weak types t{a/A) for a G M, is |.4,|. 

Proof. We prove this hrst for countable models. Suppose, for the sake of contradiction, 
that there is a countable model A and elements G M, z < cui so that t{ai/A) 7 ^ t{aj/A) 
if z 7 ^ /. As countable models are s-saturated, there are only countably many types over 
a hnite set. In particular, by the pigeonhole principle, we hnd an uncountable set J F oJi 
so that t{ai/ttf) is constant for i E J. After relabeling, we may set J = uji- For each z, 
there is a number n < u such that player II wins GI{ai, 0, A) in n moves. Using again the 
pigeonhole principle, we may assume that the number n is constant for all i < uJi- 

Now we start playing GJ(aj,0,.4.) simultaneously for all z < uJi- Since the a* have 
diherent weak types over A, for each z of the form i = 2a for some a < uJi, we can hnd a 
hnite set Aa E A such that t{a 2 alAa) 7 ^ ^( 020 + 1 /^ 0 ,). We write Aq = A^ for z = 2 a and 
z = 2 a + 1. As there are only countably many hnite subsets of A, we hnd an uncountable 
/ C ozi so that for all i E I, Aq = A for some hxed, hnite A G A. In G'/(aj,0,A,) for 
z G /, on his hrst move player I plays 020+1 and A if z = 2a for some a < uJi, and 020 
and A if z = 2a + 1 for some a < uJi- All the rest of the games he gives up. Now, in each 
game G/(ai,0, A) player II plays some hnite A^^ C A such that A C A\. Again, there is 
an uncountable ![ F I such that for z G /(, we have Al = Ai for some hxed, hnite Ai. 
As there are only countably many types over Ai, we hnd an uncountable Ji C so that 
t(aj/Ai) = t{aj/Ai) for all i,j E Ii- Again, player I gives up on all the games except for 
those indexed by elements of Ji. Continuing like this, he can survive more than n moves 
in uncountably many games. This contradicts AIV. 

Suppose now A is arbitrary. Denote X = P<a;(A). Then, |X| = |A|. For each A G X, 
choose a countable model A^i ^ A such that A C Aa- By Lemma [2.15[ for each weak type 
p = t{a/A), there is some Ap G X so that a A, and hence also A. By Lemma 

countable models, the number of weak types over A is 

|X|-a; = |A|. 


2.5, t{a/AAp) determines t{a/A) uniquely. As there are only countably many types over 


□ 

Lemma 2.17. For any a G M and any model A, the weak type t{a/A) determines the 
Galois type P{a/A). 
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Proof. Suppose t{a/A) = t{h/A). By Lemma 2.15, we can find a countable submodel B 
of A so that a A and b A. By Lemma 2.8, there is some / G Aut(M/i3) such 


that f{B[a]) = B[b] and /(a) = b. Moreover, by Lemma 2.11, B[a] A and B[b] A. 
Now the map g = {f \ B[a\) U id^ is weakly elementary. For this, it suffices to show that 
t{c/A) = t{f{c)/A) for every c G B[a]. But t{c/B) = t{f{c)/B), c A, and /(c) /g* A. 


Thus, by Lemma 2.5, t{c/A) = t{f{c)/A) 


By AIII, there are unique s-prime models Va and Vf,, over B[a] U A and B[b] U A, 
respectively. The map g extends to an automorphism h G Aut(M/M) so that h['Da) ^ T^h- 
The s-prime models are unique and preserved by automorphisms, thus we must have 
hiVa) = Vb- Since h{a) = 6, we have t^{a/A) = t^ifb/A). □ 


Note that it follows from lemmas 2.15 and 2.17 that the class /C is cn-stable (in the sense 
of AECs). 

Axiom AV is a weak form of symmetry (over models). We will use it to show that 
symmetry actually holds over models. 

AV: If A and B are countable models, A ^ B and a G M, and B 4 ,( 4 ® a, then 
a i'X 13. 


Lemma 2.18. Let A,^ C M and let B AoC be a model. If A C, then C A. 


Proof. We note hrst that for any hnite tuples a,c ^ M, and for any countable model B 
it holds that if a /g® c, then c a. Indeed, then by dominance in s-primary models, it 
holds that B[a] c, and thus by AV, c -B[a], and in particular, c /g® a. 

Let now B be arbitrary, and suppose a \Iq c but c a. Then, there is some hnite 
B C B so that t{a/Bc) does not split over B. However, t{c/Ba) splits over B. Let bA^Ba 
be tuples witnessing this. If ^ H is a countable model containing H, 6 fl H and d fl H, 
then a /gf c but c a, which contradicts what we have just proved. 

Suppose now A C but C A. Then, there is some c G C so that c A, and this 
is witnessed by some hnite a G A, i.e. c a. But we have a /g® C and hence a /g® c, a 
contradiction. □ 


Remark 2.19. Note that from Lemma 2.18 it follows that for any a,b ^ 
A, it holds that a b if and only if b a. 


and any model 


Axiom AVI states the existence of free extensions. 

AVI: For all models A, B and V such that A P B PV, there is a model C such 
that t{C/A) = t(B/A) and C Aa 

It follows that AVI holds also without the assumption that B and P> are models, as we 
can always hnd models extending these sets. 

We now show that a form of transitivity holds for non-splitting independence. 


Lemma 2.20. If B is a model, APB and B P C, then a Aa ^ */ */ ® ^ 

and a Ab ^■ 

Proof. If a Aa then a Aa ^ a /g® C follow by monotonicity. 

Suppose now a Aa ^ a Ab ^ ■ Let Aq P A and Bq P B he hnite sets so that 
Aq ’A Bq, t{a/B) does not split over Aq and t{a/C) does not split over Bq. Suppose a Aa ^■ 
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Then, t{a/C) splits over Aq. Let b,c ^ C witness the splitting, i.e. tih/Ao) = t^c/Ao) 
but t{ab/Ao) ^ t{ac/Ao). By AI, there are 6',c' G S so that t{b' /Bq) = t{b/Bo) and 
t{c'/Bo) = t{c/Bo). Since t{a/C) does not split over Bq, we have t{ab'/Bo) = t{ab/Bo) 
and t{ac'/B q) = t{ac/Bo). Thus, 

t{ab' /Aq) = t{ab/Ao) ^ tiacjA^ = t{ac!jA^), 


a contradiction since t{a/B) does not split over Aq. 


Next, we prove a stronger version of Lemma 2.6 


□ 


Lemma 2 . 21 . Suppose A is a model, t{a/A) does not split over some finite A C A and 
B is such that A C B. Then, there is some b such that t{b/A) = t{a/A) and b B. 


Proof. Let B he a model such that B P B. Let C be a model containing Aa. By AVI, 
there is a model C such that t{C/A) = t{C'/A) and C B. In particular, there is some 
b & C such that t{b/A) = t{a/A) and b B. Let A' C ^ be a hnite set such that A C A' 
and b B. Then, by Lemma 2.20, b B. 


□ 


We now apply AIV to show that there are no inhnite descending chains of models. This 


will guarantee that t/-ranks (see Dehnition 2.23) will be hnite. 


Lemma 2.22. For all a G M, there is a number n < oj such that there are no models 
AqCAi C ... C An SO that for all i < n, a Ai+i. 


Proof. Suppose models Ai, i < n, as in the statement of the lemma, exist. We note 
hrst that if a Ai+i, then a Ai+i for every countable submodel Ai/ C Ai. Since 
a countable set only has countably many hnite subsets, all the tuples witnessing the 
splittings are contained in some countable submodel A!^j^i C Aj+i. Then, a A'+i. 
Thus, we may assume each Ai is countable. We will show that player I can survive n 
moves in GI{a, 0, Ao). Then, the lemma will follow from AIV. 

On the hrst move, player I chooses some hnite Bi C Aq so that t{a/Ao) does not split 
over Bi. Then, there is some hnite set Ci C Ai so that Bi C Ci and t{a/Ci) splits over 
Bi and some /i G Aut(M/i?i) such that f{Ai) = Aq. Now player I plays Oi = /(a) and 
A[ = fi(Ci). As t(a/fi(Ci)) does not split over Bi and t(fi(a)/fi(Ci)) splits over Bi, we 
have t(a/fi(Ci)) 7 ^ t(fi(a)/fi(Ci)), and this is indeed a legitimate move. 

On her move, player II chooses some hnite Ai C Aq such that A[ C Ai. On his second 
move, player I chooses some hnite B 2 C Aq = fi{Ai) so that Ai C B 2 and t{ai/Ao) 
does not split over B2. Now there is some hnite set C2 C /i(A, 2 ) so that t{ai/C2) splits 
over B 2 and some automorphism /2 G Aut(M/i? 2 ) so that / 2 (/i(A, 2 )) = Aq. Player I 
plays 02 = / 2 (ai) and A '2 = / 2 (C' 2 ). Continuing in this manner, he can survive n many 
moves. □ 


We now dehne V-ranks over models and hnite sets. 


Definition 2.23. For a and a model A, we define the V-rank of a over A, denoted 
U{a/A), as follows: 

• U(a/A) >0 always; 

• U{a/A) > ?7. + 1 if there is some model B so that A^P B, a B and U{a/B) > n; 
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• U{a/A) is the largest n such that U{a/A) > n. 

For finite A we write U{a/A) for max{{U{a/A) \A is a model s.t. A C 


Note that by Lemma 2.22, U{a/A) is finite for finite A. 


Later, we will define f7-ranks over arbitrary sets, and it will turn out that they are 
always hnite. Thus, we call a class that satishes the axioms AI-AVI a FUR-class, for 
“Finite [/-Rank”. Eventually, we will show that FUR-classes have a perfect theory of 


independence (Theorem 2.70). 


Definition 2.24. We say that an abstract elementary class K is a FUR-class if K. has 
AP and JEP, LS{)C) = u, K. has arbitrarily large structures and does not contain finite 
models, and K. satisfies the axioms AFAVI. 

As the last result of this section, we show that non-splitting over models can be ex¬ 
pressed in terms of preserving t/-ranks. 

Lemma 2.25. Let A F B be models. Then a B if and only if U{a/B) = U{a/A). 

Proof. From right to left the claim follows from the dehnition of f/-rank. 

For the other direction, suppose a B. It follows from the dehnition of f/-rank that 
U{a/B) < U{a/A). We will prove U(a/A) < U{a/B). 

Let n = U{a/A), and choose models .4.', i < n so that A!^ = A and for each i < n, 


A' c A'_ 


and a Choose a model C so that A^a F C. By AVI, there is a 


U+l ^ Sl-A[ 

model B' so that t{B'/A) = t{B/A) and B' 4,(4 C. Let / G Aut(M/4,) be such that 
f{B') = B. Denote /(a) = b and f{A'f) = Ai for i < n. Then, Aq = A, t{h/A) = t{a/A) 
and b Ai+i for all i < n, and B 4,(4 Anb. 

Let Bi be the unique s-prime model over BU Ai (It exists by AIII since A F B A Ai 
and B ^,(4 Ai). Suppose now that for 1 < i < n, Bi-i Ai, and that we have dehned 
Bi as the unique s-prime model over Bi-i U Ai (taking Bq = B). Then, we let Bi+i be the 
unique s-prime model over Bi U4.j+i. It exists, since from the ’’Furthermore” part in AIII 
it follows that Bi Ai+i. 


By Lemma 2.5, t{b/B) = t{a/B). Thus, to show that U{a/B) > U{a/A), it is enough 
that b Bi^i for all i < n. Suppose for the sake of contradiction that b for 

some i < n. Using induction and the ’’Furthermore” part in AIII, we get that Bi Anb, 
and hence by monotonicity and AV, b Bi. On the other hand, the counterassumption 


and monotonicity give b Ai+i. But from these two and Lemma 2.20, it follows that 
b 4 ,( 4 . Ai+i, a contradiction. 


□ 


2.2. Indiscernible and Morley sequences. In the next section (2.3), we will dehne Las¬ 
car types, an analogue to hrst order strong types. We then dehne our main independence 
notion in terms of Lascar splitting. However, there we will need technical tools to prove 
some properties of Lascar types. For this purpose, we now dehne strongly indiscernible 
and Morley sequences and show that Morley sequences are strongly indiscernible. 

Definition 2.26. We say that a seguence {ai)i<a is indiscernible over A if every permu¬ 
tation of the seguence {ai| i < a] extends to an automorphism f G Aut{M/A). 
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We say that a sequence (ai)j<Q, is weakly indiscernible over A if every permutation of 
a finite subset of the sequence {ai\ i < a} extends to an automorphism f E Aut{M/A). 

We say a sequence (ai)j<Q, is strongly indiscernible over A if for all cardinals k, there 
are Oi, a < i < k, such that {ai)i<K is indiscernible over A. 

Let A be a model. We say a sequence (ai)i<Q, is Morley over A, if for all i < a, 
t{ai/A) = t{ao/A) and ai 

In the rest of this chapter, we will assume that all indiscernible sequences and Morley 
sequences that we consider are non-trivial, i.e. they do not just repeat the same element. 

Applying Fodor’s lemma, we now show that every uncountable sequence contains a 
Morley sequence as a subsequence. This will be extremely useful in many places later on. 

Lemma 2.27. Let A be a finite set and n a cardinal such that k = cfi^n) > oj. For every 
sequence (aj)j<K, there is a model Ad A and some X <Z n cofinal so that (ai)igx is Morley 
over A. 


Proof. For i < k, choose models Ai so that for each i, A G Ai, a* E Ai+i, Aj C Ai for 


3 < L A^ = for a limit 7 , and \A. 

ai < i so that Oj Ai (By Lemma |2. 15 


= |i| Pu. Then, for each limit i, there is some 
there is some hnite Ai C Ai so that a* \3ff_ Ap, 
just choose ai so that Ai C AaJ- By Fodor’s Lemma, there is some X' G k cohnal and 
some a < n so that ai = a for all i E X'. Choose A = Aa- By Lemma [2.16[ there are 
at most |M| < K many weak types over A, and thus by the pigeonhole principle, there is 
some cohnal X C X' so that t{ai/A) = t{aj/A) for all i,j E X. □ 

Lemma 2.28. If (aj)j<Q, is Morley over a countable model A, then for all i < a, Oi 
U{aj\ j < a, j ^i}. 

Proof. The claim holds if a* ^,(4 S for every hnite S G U{ajj j < a, j ^ i}. Since we 
can always relabel the indices, it thus suffices to show that for all n < uj, Oi {oj \ j 7 ^ 
hj ^ n}. We will prove that for any n < w, if n = / U J, where / H J = 0, then 
Oj, and the lemma will follow. We do this by induction on n. If n = 1, 


the claim holds trivially, and if n = 2, it follows directly from Remark 2.19 Suppose now 
the claim holds for n, and consider the partition of n + 1 into the sets I and J U {n}. Let 
ajj be such that t{a'^/A) = t{an/A) and 

«n Va U e </] U y Oi. 

i<n 

Then, in particular, j,yi lJi<n Ui, so t{a'JAU[ji^^ai) = t{an/AU[j.^^ai). Now, 

I ieJ] 

i£l 


and by Remark 2.19 and monotonicity, 

I ieJ] U Oj. 


is/ 


ieJ 


By the inductive assumption, we have VX UieJ®u ^md thus, by Remark 2.19 and 

[joiIX e J]. 


Lemma 2.11 


iei 
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Hence, by Lemma 2.20 

IJ a* Ia «'n U IJ ai, 

i&l iej 

and since t{a'^/AU a*) = t{an/A U 1J.^„ a*), we have 




iei 


i&J 


as wanted. 


□ 


Lemma 2.29. If A is a countable model, then Morley sequences over A are strongly 
indiscernible over A. 

Proof. We show hrst that Morley sequences are weakly indiscernible. If a sequence (aj)j<a 
is Morley over some model A, then also every hnite subsequence is Morley over A. Thus, 
as we may relabel any hnite subsequence, it suffices to show that if a sequence (aj)i<„, 
where n G ca, is Morley over a model A, then it is indiscernible over A, i.e. that every 
permutation extends to an automorphism / G Aut(M/M). We do this by induction on 
n. The case n = 0 is clear. Suppose now n = m + 1, where m > 0. We can obtain any 
permutation of the a*, i < m + 1, by hrst permuting the m hrst elements, then changing 
the place of the two last elements and permuting the m hrst elements again. Thus, it is 
enough to hnd some / G Aut(M/M) so that /(oj) = a* for i < m, f{am) = Om+i and 

/ (Hm+l) = dm,' 

Since t{am/A) = t{am+i/A), iff and a^+i i'X (ai)i<m, we have by Lemma 

2.5 that f(am/.4,(aj)j<m) = ^(nm+i/^(ni)i<m) and thus there is some (/i G Aut(M/M(aj)j<m) 
such that gi{am) = am+i- By Lemma 2.28, we have 


4'_4 


Since a^+i IJ (ai)j<m, we have 




SO 


since gi{am) = dm+i- Thus, by Lemma [^ , there is some g 2 G Aut(M/M(ai)i<mam+i) 
such that g 2 {gi{am+i)) = cim- Then, f = g 2 o gi is the desired automorphism. 

Next, we show that Morley sequences are indiscernible. Let be a Morley sequence 

over A, and let vr G Sym(/) be a permutation. We need to show that n extends to some 
F G Aut(M/M). This is done by constructing models Ai ioi i < k so that Mo = A, for 
each i, Ai+\ is the unique s-prime model over Ai U M[ai], and unions are taken at limit 
steps. For this we need to show that these s-prime models exist, i.e. that for each i, 
Ai iff M[cii]. 


By Lemmas 2.18 and 2.11, it suffices to show that a, |J Ai. For this, we will show 
that Uip, ,..., a|J Ai ioi i < i^ < ... < i^ (the claim then clearly follows). We prove 

this by induction on i. The claim holds for f = 0, since Aq = A. Suppose now it holds for 
j. We show it holds for j -|- 1. For this, we will need two auxiliary claims. 


Claim 2.30. The element Oj dominates A[aj] over Aj 
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Proof. Let c be such that c aj. By the inductive assumption, we have aj Aj, and 


thus, by symmetry and transitivity, AjC aj. By Lemma 2.11, AjC and hence 

c I'ff. as wanted. □ 

Claim 2.31. Let B he a model such that APB. Suppose a Iff b and ah Iff B. Then, 
a b. 

Proof. Suppose not. Choose some hnite A C A such that ab Iff B and a fff Ah. Since 
t{a/Bb) splits over A, there is some c E B so that a ]/ff be. Choose c' G .4. so that 
t{c'/A) = t{c/A). If we would have t{c'/Aab) ^ t{c/Aab), then the pair c, c' would witness 
that ab B. Hence, t{c/Aab) = t{c'/Aab). But now we have a ]/ff be', so a ]/ff Ah, a 
contradiction. □ 

Let now j < io <...< in- By the inductive assumption, aj,ai^,..., ai^ Iff Aj. Thus, 


by Lemma 2.28 and Claim 2.31 


a^Q,..., ai^ 'I'Aj ’ 


and hence, by Remark 2.19 and Claim 2.30 


yl[aj] Ajai^, ..., 




By the inductive assumption we have A[aj\ Aj. This, and Lemma 2.20 

4.[ojf] Aja^Q, ..., 

and hence by the domination part in AIII, 

• 4 ^ + 1 ■ ■ ■ 1 ^inl 


give 


so 


"*0 


,..., ai^ Aj-f-i. 


i: 


ns ^ 


A 


■i+ 1 ) 


as 


By applying the inductive assumption and transitivity, we get ai^, 
wanted. 

Let now i be a limit ordinal. Then, Aj \La ai, ai^,..., ai^ for all successor ordinals j < i 
and i < io <...< in- Since Ai = Uk* have Ai \La di, a 


“iQ ■) 


Thus, we have shown that the s-prime models required for the construction indeed 
exist. Now, we construct models Af so that Af = A, for each i, Afj^i is the unique 
s-prime model over Af U A[aT,(^i)], and at limit stages unions are taken. We have already 
shown that any permutation of hnitely many elements of the sequence (aj)jgj- extends to 
an automorphism of M hxing A. Since being a Morley sequence is a local property (i.e. 
determined by hnite subsequences of a sequence), also the sequence (a^(j))jg/ is Morley. 
Thus, the models Af exist for each i E L 

We claim that for each i, there is an isomorphism T) : —)■ Af hxing A pointwise. 

Since (a.n-(j))ig 7 is a Morley sequence, we have 4,[ajr(i)] \.f^ Af. 

Clearly we may choose Fq = id \ A. Suppose now the claim holds for i. Now, Af is 


isomorphic to Ai over A, and by Lemma 2.8, there is some mapping fi E Aut(M/4.) such 
that fi{A[ai\) = A[an{i)]. 
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Now A[a^(^i)] fi{Ai), and similarly as in the proof of Lemma |2.17| on sees that the 
map FiU fi ■. AiU A[aj\ —)■ A^ U A[K{i)\ is weakly elementary. Thus, it extends to an 
elementary map Fj+i : Ai+i —)■ Ajj^i- If i is a limit, then we set Fi = 

Now F = U.e7 Fi is as wanted. 

Clearly a Morley sequence can be extended to be arbitrarily long. Thus, Morley se¬ 
quences are strongly indiscernible. □ 


2.3. Lascar types and the main independence notion. In this section, we will present 
our main independence notion and prove that it has all the usual properties of non-forking. 
The notion will be based on independence in the sense of Lascar splitting. The key here is 
that over models, our main independence notion will agree with non splitting independence 
(Lemma 2.41), so we will be able to make use of the properties that we proved in section 
2 . 1 . 


We start by giving the dehnition for Lascar types. These can be seen as an analogue for 
hrst order strong types, and we will eventually show that Lascar types are stationary. We 
will see that Lascar types imply weak types but also that over models weak types imply 
Lascar types. 


Definition 2.32. We say that a set A is bounded if |y4| < 6, where 5 is the number such 
that M is 6- model homogeneous. 


Definition 2.33. Let A be a finite set, and let E be an equivalence relation on M"', for 
some n < u. We say E is A-invariant if for all f G AutiMi/A) and a, 6 G M, it holds 
that if (a, b) G E, then {f{a), f{b)) G E. We denote the set of all A-invariant equivalence 
relations that have only boundedly many equivalence classes by E{A). 

We say that a and b have the same Lascar type over a set B, denoted Lt{a/B) = 
Lt{b/B), if for all finite A E B and all E G E{A), it holds that (a, b) G E. 

Lemma 2.34. If (ai)j<t^ is strongly indiscernible over B, then Lt{ai/B) = Lt{ao/B) for 
all i < uj 


Proof. For each n, there are ai, u < i < n, so that (aj)j<K is indiscernible over B. If 
E G E{A) for some hnite A G B, then E has only boundedly many classes, and thus, for 
a large enough k, there must be some indices i < j < k so that (oj, afi G E. But this 
implies that (oj, afi G E for all i,j < k, and the lemma follows. □ 

Lemma 2.35. Let A be a model and let t{a/A) = t{h/A). Then, Lt{a/A) = Lt{h/A). 


Proof. Since the equality of Lascar types is determined locally (i.e. it depends on hnite 
sets only), we may without loss assume that A is countable. 

Since t{a/A) = t{h/A), there is a sequence (ai)i<^ such that (a) ^ and (6) ^ 

are Morley over A. Because Morley sequences are strongly indiscernible, Lt{a/A) = 
Lt{b/A) by Lemma 2.34 □ 


In particular, by Lemma 2.16, for any hnite set A, the number of Lascar types Lt{a/A) 


is countable. It follows that every equivalence relation E G E{A) has only countably many 
equivalence classes. 
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Lemma 2.36. Let A be a countable model, A a finite set such that A <Z A and b G M. 
Then, there is some a & A such that Lt{a/A) = Lt{b/A). 


Proof. Since there are only countably many Lascar types over A, there is some countable 
model B containing A and realizing all Lascar types over A. By AI, we can construct 
an automorphism / G Aut(M/A) such that f{B) = A. Let b' = f~^{b). Then, there 
is some a' E B such that Lt{a'/A) = Lt{b'/A). Let a = f{a'). Then, a E A and 
Lt{a/A) = Lt{f{h')/A) = Lt{h/A). □ 

Lemma 2.37. Let A be a finite set and let a,b E M. Then, Lt{a/A) = Lt{b/A) if and 
only if there are n < u and strongly indiscernible sequences fi over A, i < n, such that 
a E Iq, b E In and for all i < n, liD li+l 7 ^ 0 - 


Proof. The implication from right to left follows from Lemma 2.34 and the fact that all 
the strongly indiscernible sequences intersect each other. 

For the other direction, we note that ’’there are n < u and strongly indiscernible 
sequences fi over A, i < n, such that a E Iq, b E In and for all i < n, fin A+i 7 ^ 0” is an 
A-invariant equivalence relation. Since we assume that Lt{a/A) = Lt{b/A), it is enough 
to prove that this equivalence relation has only boundedly many classes. 

Suppose, for the sake of contradiction, that it has unboundedly many classes. Then, 


there is a sequence where no two elements are in the same class. By Lemma 2.27 

there is some X C oji, |X| = oji, and a model A n A such that is a Morley 

sequence over A and thus strongly indiscernible over A. But now by the dehnition of 
our equivalence relation, all the elements at, i E X are in the same equivalence class, a 
contradiction. □ 


Now we are ready to introduce our main independence notion. 

Definition 2.38. Let A d B be finite. We say that t{a/B) Lascar splits over A, if there 
are b,c E B such that Lt{h/A) = Lt{c/A) but t{ab/A) 7 ^ t{ac/A). 

We say a is free from C over B, denoted a Ib C, if there is some finite A <Z B such 
that for all D d B U C, there is some b such that t{h/B U C) = t{a/B U C) and t{b/D) 
does not Lascar split over A. 

Remark 2.39. Note that it follows from the above definition that if ab Ia B, then a Ia B. 

Also, the independence notion is monotone, i.e. if AdBdCPD and a Ia D, then 
a C. 


Lemma 2.40. If Lt{a/A) = Lt{h/A), then t{a/A) = t{h/A). 


Proof. By Lemma 2.16 
many classes. 


the equivalence relation H{x/A) 


t{y/A)” has only boundedly 

□ 


Lemma 2.41. Let a E M, let A be a model and let B d A. The following are equivalent: 

(i) a B, 

(a) a B , 

(Hi) t{a/B) does not Lascar split over some finite A d A. 
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Proof. ” 
For ” 


[i) = 

[ii) 


(Hi)" 


follows from Definition 2.38 by choosing D = B. 


(i)”, suppose a B. Then, there is some hnite A C ^ so that t(a/B) 
does not split over ^4, and in paricular t{a/A) does not split over A. Let D D S be 


arbitrary. By Lemma 2.21, there is some b such that t{b/A) = t{a/A) and t(b/D) does 


not split over A. Since a B and b B, we have by Lemma 2.5 that t(b/B) = t{a/B). 
Now, t(b/D) does not Lascar split over A. Indeed, if it would Lascar split, then we could 
hnd c, d G D so that Lt{c/A) = Lt(d/A) but t(bc/A) ^ t{bd/A). By Lemma 2.40, this 
implies that t(b/D) would split over A, a contradiction. 

For (ill) (a), suppose that t(a/B) does not Lascar split over A. We may without 
loss assume that t(a/A) does not split over A (just enlarge A if necessary). We claim that 
t(a/B) does not split over A. If it does, then there are b,c E B witnessing the splitting. 
Let B ^ A he a. countable model containing A. By Lemma 2.36, we hnd {b',c') E B so 


that Lt(b\ c'/A) = Lt(b, c/A). Since Lt(b/A) = Lt(b'/A) and Lt(c/A) = Lt{c'/A), we must 
have t(ab/A) = t(ab'/A) and t(ac/A) = t(ac'/A) (otherwise t(a/B) would Lascar split over 
A). But since t(ab/A) ^ t(ac/A), we have 

t{ab'/A) = t(ab/A) ^ t(aclA) = t(adjA), 
which means that t(a/A) splits over A, a contradiction. 


□ 


Remark 2.42. Note that from the proof of “(ii) ^ (i)’ 


for Lemma 2.41\ it follows that if 

In 


A is a model such that Aff B and A <Z A is a finite set so that a B, then a Ia B 
particular, for all models A and all a G M, there is some finite A C A such that a A. 

Lemma 2.43. Suppose A is a model, A (P A finite, and t(a/A) does not Lascar split over 
A. Then, a Ia A. 

Proof. Choose a hnite set B such that A B d A and t(a/A) does not split over B. For 
an arbitrary D d A, there is some b so that t(b/A) = t(a/A) and t(b/D) does not split 
over B. We will show that t(b/D) does not Lascar split over A. Suppose it does. Then, we 
can hnd c E A and d E D such that Lt(c/A) = Lt(d/A) but t(bc/A) ^ t(bd/A). By Lemma 


2.36, there is some d' E A such that Lt(d'/B) = Lt{d/B). Then, either t(d'b/A) ^ t(cb/A) 
or t(d'b/A) 7 ^ t(db/A). In the hrst case t(b/A) Lascar splits over A, and in the second 
case, t(b/D) splits over B. Both contradict our assumptions. □ 

We now show that in certain special cases, preservation of D-ranks implies indepen¬ 
dence. This lemma will be applied later, after we have dehned D-ranks over arbitrary sets 
and show that independence can be expressed as preservation of t/-ranks. 


Lemma 2.44. Suppose A is a model, A d A is finite and U(a/A) = U(a/A). 
a \.A A.. 


Then 


Proof. By Lemma 2.43, it is enough to show that t(a/A) does not Lascar split over A. 


Suppose for the sake of contradiction, that t(a/A) does Lascar split over A. We enlarge 
the model A as follows. First we go through all pairs b,c E A so that Lt{b/A) = Lt{c/A). 
For each such pair, we hnd hnitely many strongly indiscernible sequences over A of length 


Ui as in Lemma 2.37 We enlarge A to contain all these sequences. After this, we repeat 
the process u many times. Then, for every permutation of a sequence of length ui that is 
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strongly indiscernible over A and contained in the model, we choose some automorphism 
/ G Ant (M/A) that extends the permutation. We close the model under all the chosen 
automorphisms. Next, we start looking again at pairs in the model that have same Lascar 
type over A and adding A-indiscernible sequences of length ui witnessing this. After 
repeating the whole process sufficiently long, we have obtained a model A* ^ A such 
that for any b,c E A* with Lt{b/A) = Lt{c/A), A* contains A-indiscernible sequences 
witnessing this, and moreover every permutation of a sequence of length ui that is strongly 
indiscernible over A and contained in A* extends to an automorphism of A*. 

Choose now an element a* so that t{a*/A) = t{a/A) and a* 4,(4 A*. Then, U{a*/A*) = 


U{a*/A) by Lemma 2.25 Let / G Aut(M/A,) be such that f{a*) = a, and denote Al = 
f{A*). Now, U{a/A!) = U{a/A) and t{a/A!) Lascar splits over A. 

Let b,c E A' witness the splitting. Then, Lt{b/A) = Lt{c/A) and inside A' there are 
for some n < u, strongly indiscernible sequences Jj, i < n, over A of length ui so that 
b E Iq, c E In and li fl Ji+i 7 ^ 0 for i < n. Since t{ab/A) ^ t{ac/A), in at least one 
of these sequences there must be two elements that have different weak types over Aa. 
Since there are only countably many weak types over Aa, this implies that there is inside 
Al a sequence strongly indiscernible over A such that t{aao/A) ^ t{aai/A) but 

t{aai/A) = t{aai/A) for all 0 < z < ui. Moreover, every permutation of extends 

to an automorphism / G Aut{Ai /A). 

For each i < cui, let fi E Aut{M./A) be an automorphism permuting the sequence 
{cii)i<uji so that /i(ao) = ai and fi{A') = A'. Denote bi = fi{a) for each i < oji. Then, 
U{bi/A\!) = Uipi/A) and for all j < i < cui, t{bi/A) = t{bj/A), but t{bi/A') 7 ^ t{bj/A') 


since 


t{biaijA) = t{fi{a)fi{ao)/A) = t{aao/A) 7 ^ t{afj (ai)/A) = t{fj{a)ai/A) = t{bjai/A). 
Let B E Ahe countable model such that A E B. Then for all i < uj, 

U{b,/A') = U{h/B), 


so bi A' by Lemma 2.25 Thus, for all i < j < cui, t{bilB) 7 ^ t{bj/B), a contradiction 
by Lemma [23 since there are only countably many types over B. □ 


Corollary 2.45. For every a E M, every finite set A and every B E A, there is some 
6 G M such that t{a/A) = t(b/A) and b Ia B. 

Proof. Let A be a model such that U{a/A) = U{a/A). Let B he a. model such that 


AU B E B, and let b be such that t{b/A) = t{a/A) and b \A^ B. Then, by Lemma 2.25 
U{b/B) = U{b/A) = U{a/A) = U{a/A) = U{b/A). 


By Lemma 2.44, b Ia B, and thus b Ia B. 


□ 


We now prove a weak form of transitivity. We will apply it to prove some properties of 
the independence notion that we will need before we can prove full transitivity. 


Lemma 2.46. Suppose A E A E B. Then a ^a B if and only if a Ia A and a B. 
Proof. ” =^”: a A is clear and a f a B follows from Lemma |2.41[ 











QUASIMINIMAL STRUCTURES, GROUPS AND ZARISKI-LIKE GEOMETRIES 


21 


Since a Ia A, there is by definition some finite Aq O A and some b such that 


t{b/A) = t{a/A) and t{b/B) does not Lascar split over Aq. By Lemma 2.41, b B and 
a B. Thus, by Lemma t{b/B) = t{a/B). Hence a Ia B, as wanted. □ 


Next, we prove symmetry over finite sets. Later, this result will be applied when proving 
full symmetry. 

Lemma 2.47. Let A be finite. Then, a ^Ab if and only ifb a. 


Proof. Suppose a Ia b. Let Aq be a model such that A <Z Aq. By Corollary 2.45 there 
exists some b' such that t{b'/A) = t{b/A) and b' Ia Aq. Let / G Aut(M/y4) be such that 
f{b') = b, and denote A = f{Ao). Then, A C A and b Ia A. Since a Ia b, there is by 


Definition 2.38 (take D = Ab), some a' such that t{a'/Ab) = t{a/Ab) and t{a'/Ab) does 


not Lascar split over A. It now follows from Lemma 2.41 , that a' Ia Ab and thus a' Ia b. 
By Lemma 2.41 and Remark 2.19 b f a o! ■ By Lemma 2.46 b f a a', and thus b f a a. □ 


Now, we prove a weak form of extension: that types over finite sets have free extensions. 
We will apply the lemma when proving full extension. 

Lemma 2.48. For every a, every finite set A and every B D A, there is b such that 
Lt{b/A) = Lt{a/A) and b Ia B. 


Proof. Let Aq be a countable model such that A C Aq. By Corollary |2.45[ there is some 
element a' so that t{a'/A) = t{a/A) and a' Ia Aq- Let / G Aut(M/H) be such that 
/(o') = a. Denote A = f{Ao). Now, A C A and a Ia A. 


Choose now b so that t{b/A) = t{a/A) and b AX B. Then, b Xa B. By Lemma 2.46 


b fA B. Moreover, by Lemma 2.35, Lt{b/A) = Lt{a/A). 
Now, we are ready to prove stationarity and transitivity. 


□ 


Lemma 2.49 (Stationarity). 
Lt{a/B) = Lt{b/B). 


If A B, a Ia B, b Ia B and Lt{a/A) = Lt{b/A), then 


Proof. Clearly it is enought to prove this under the assumption that A and B are finite 
(if Lt{a/Bo) = Ltfb/Bo) for every finite Bq C B, then Lt{a/B) = Ltfb/B)). Suppose the 
claim does not hold. We will construct countable models Aa and Ab so that Aa C Aa, 
Ah C Ab, B Ia Aa and B Ia Ab- Let M be a model such that Aa C A. By Lemma |2.47[ 


we have B a. Thus, by Definition 2.38, there is some B' such that t{B'/Aa) = t{B/Aa) 


and t{BXA) does not Lascar split over A. Let / G Aut{M/Aa) be such that f{B') = B, 
and denote Aa = f{A). Then, Aa C Aa and t{B/Aa) does not Lascar split over A. By 


Lemma 2.43 B Ia Aa- Similarly, we find a suitable model Ab- Now by Lemma 2.48 there 
is some c such that Lt{c/A) = Lt{a/A) and c ^a Aa^ AbA B. By monotonicity, we have 
c lAa B, and thus by Lemma 2.47, B fAa c. Hence, by Lemma 2.46, B Ia AaC and so 
ac Ia B. 

By the counterassumption, we may without loss assume that Lt{c/B) X Lt{a/B). 
Choose a model B A B so that ac B. By Lemma 2.35, tia/B) ^ tic/B). So there 
is some b' ^ B that withesses this, i.e. t{ab'/A) X t{cb'/A). As Lt{c/A) = Lt{a/A), this 
means t{b'/Aac) Lascar splits over A, a contradiction since b' Ia dc. □ 
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Lemma 2.50 (Transitivity). Suppose ACBCCjoIaB and a Ib C . Then a Ia C . 

Proof. Clearly it is enough to prove this for hnite A. Choose b so that Lt{b/A) = Lt{a/A) 
and b Ia C. Then, by monotonicity, b B, and thus by Lemma 2.49, Lt{b/B) = Lt{a/B). 
Again by monotonicity, b fs C, and by Lemma 2.49, Lt{b/C) = Lt{a/C). The claim 
follows. □ 


We don’t yet have all the results needed for proving hnite character, but we prove the 
following special case that we will need when proving other properties. 


Lemma 2.51. Suppose A <Z B, A is finite, and a J /4 B. Then there is some b & B such 
that a J /4 6 . 


Proof. By Lemma [2.48 there is some c such that Lt{c/A) = Lt{a/A) and c B. We have 
a yA B, and thus t{c/B) y t{a/B). Hence, there is some b E B so that t{cb/A) y t{ab/A). 
Since c B, we have c b. Now, a b. Indeed, otherwise Lemma [2.49| would imply 
Lt{c/Ab) = Lt{a/Ab) and thus t{c/Ab) = t{a/Ab), a contradiction against the fact that 
t{cb/A) y t{ab/A). □ 


We will now start working towards a more comprehensive dehnition of U-iank that will 
allow characterizing independence in terms of [/-ranks. For this, we need the notion of 
strong automorphism. 


Definition 2.52. Let A be a finite set and let f G Aut{M./A). We say that f is a strong 
automorphism over A if it preserves Lascar types over A, i.e. if for any a, Lt{a/A) = 
Lt{f{a)/A). We denote the set of strong automorphisms over A by Saut{M./A). 

Lemma 2.53. Suppose A is finite and Lt{a/A) = Lt{b/A). Then there is f E Saut{M./A) 
such that f{a) = b. 


Proof. Choose a countable model A such that A ^ A and ab Ia A. In particular, by 
Remark 2.39, a f a A and b ^a A. By Lemma 2.49, Lt{a/A) = Lt{b/A). Thus, there is 
some / G Aut(M/.4,) such that /(a) = b. By Lemma 2.35, / G Saut(M/.4,). □ 


In order to give a general dehnition of [/-rank, we will show that if .4, is a model and 
a E M, then the rank U{a/A) equals the minimum of ranks U{a/A), where A ranges over 
hnite subsets of A. This is obtained as a corollary of the following lemma. 


Lemma 2.54. Suppose A is a model, A C A is finite and t{a/A) does not split over A. 
Then U{a/A) = U{a/A). 


Proof. Suppose not. If we choose some countable model such that A <Z A! A, then 
a A, and thus, by Lemma 2.25, Lf^ajA!) = U{a/A). Hence, we may assume that A is 
countable. 

Choose a countable model B such that A G B and U{a/B) = U{a/A). Now, there is 
some / G Ant (M/A) so that f{B) = A. Let a' = /(a). We have 


U{a/A) y U{a/A) = U{a/B) = U{a'/A), 

and thus t{a/A) y t{a'/A). Hence there is some c E A such that t{ac/A) y t{a'c/A). 
Let b E B he such that fifi) = c (and thus tifb/A) = t{c/A)). Then, t{a'c/A) = t{ab/A), 
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SO t{ac/A) 7^ t{ab/A). Let d & Ahe such that Lt{d/A) = Lt{b/A), and thus t{d/A) = 
tip/A) = t{c/A). Since t{a/A) does not split over A, we have t{ad/A) 7 ^ t{ab/A). 

We note that since a A, we have by Remark 2.42 a Ia A, and thus in particular 
a Ia d. Choose g G Saut{M/A) so that g{b) = d. Let a" = g{a). By Lemma 2.44, we 


have a ^a b, and thus a” d. But now Lt{a”/A) = Lt{a/A), a Xa d and a" Xa d, yet 

t{ad/A) 7 ^ t{dd/A) = t{ab/A) = t{a''d/A), 


so in particular t{a/Ad) 7 ^ t{a''/Ad), a contradiction to Lemma 2.49 
Corollary 2.55. Let A be a model. Then, 

U{a/A) = min{{U(a/B) | R C .4, finite }. 


□ 


Proof. By Dehnition 2.23, for each hnite B C A, it holds that U{a/B) > U{a/A). On the 
other hand, by Lemma 2.15, there is some hnite 4 C 4. so that t{a/A) does not split over 
A. By Lemma 2.54, U{a/A) = U{a/A). □ 


Corollary 2.55 allows us to dehne U{a/A) for arbitrary A as follows. By Dehnition 2.23 


for hnite A it holds that U{a/Afi} > U{a/A) for all Aq C A. Thus, the following dehnition 
corresponds to Dehnition 2.23 also in the case that A is hnite. 

Definition 2.56. Let A be arbitrary. We define U{a/A) to be the minimum ofU{a/B), 
B C A finite. 

Now we can hnally characterize independence in terms of fZ-ranks. As corollaries, we 
will get local character and extension for the independence notion. 

Lemma 2.57. For all A C B and a, a f a B if and only ifU{a/A) = U{a/B). 

Proof. Suppose hrst B is hnite. 

”<^=”: Choose a model Af^B such that U{a/A) = U{a/B). Then U{a/A) = U{a/A) 
and thus by Lemma 2.44 a Ia A, and in particular a Ia B. 

”=^”: Choose a model 4. D 4 such that U{a/A) = U{a/A) and a model B f) AB. By 
Lemma 2.6, there is some a' such that t{a'/A) = t{a/A) and a' B. Then, by Lemma 


2.25 


U{a'/A) = U{a'/A) = U{a!/B), 

so by Lemma [2.44| a' ^a B. By Lemma 2.35, Lt{a'/A) = Lt(a/A), and thus by Lemma 


2.49, t{a'/B) =t{a/B). Thus 

U{a/B) = U{a'/B) = U{a'/A) = U{a/A). 

We now prove the general case. Let 4, B be arbitrary such that A<L B. 

Suppose a Ia B. There are some hnite sets 4 o,4q C 4 such that a B 
and some U{a/A) = Lf^a/A'o). We may without loss assume that 4o = 4 q. Indeed, this 
follows from monotonicity and the fact that if A'/ is any set such that 4 q C 4q C 4, then 
U{a/A'/) = U{a/A). Let Bq P B he a. hnite set such that U{a/BQ) = U{a/B). By similar 
argument as above, we may without loss suppose that Aq C Bq. Thus, since the result 
holds for hnite sets, we have 

U{a/A) = U{a/Ao) = U{a/Bo) = U{a/B). 
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Suppose U{a/A) = U{a/B), but a J/a B. Let Aq C A and Bq C B he finite sets 

such that 

U{a/Ao) = U{a/A) = U{a/B) = U{a/Bo). 

By monotonicity, we have a J/aq B, and by Lemma |2.51| there is some b E B such that 
a J/ao b. Then, also a J/aq Bob. But 

U{a/Bob) = U{a/B) = U{a/Ao), 

a contradiction. □ 


Corollary 2.58 (Local character). For all A and a there is finite B A such that a fs A. 


Corollary 2.59 (Extension). For all a and all sets A F B, there is some b such that 
Ltifb/A) = Lt{a/A) and b Ia B. 

Proof. Let Aq F Ahe a. finite set such that U{a/Ao) = U{a/A). Then, a J,Ao A by Lemma 


2.57 By Lemma 2.48, there is some b such that Lt{b/Ao) = Lt{a/Ao) and b ),Ao B. By 
Lemma 2.49, Lt(b/A) = Lt{a/A). □ 

Now it is easy to prove also finite character and symmetry. 

Lemma 2.60 (Finite character). Suppose A <Z B, and a Ya B. Then there is some b E B 
such that a ^Ab. 

Proof. Choose a finite CPA such that a fc ^ and an element c such that Lt{c/C) = 
Lt{a/C) and c fc AUB (they exist by Corollary 2.58 and Lemma 2.48). Then, by Lemma 


2.49, Lt{c/A) = Lt{a/A). We have a J/c B, and thus t{c/B) ^ t{a/B). Hence, there 
is some b E B so that t{cb/C) ^ t{ab/C). By monotonicity, we have c Ia B, and in 


particular c Xa b. If a J,a b, then a fc b hy Lemma 2.50, Since t{a/Cb) ^ t{c/Cb), this 
contradicts Lemma [2.491 □ 

Lemma 2.61 (Symmetry). Let A be arbitrary. If a Ia b, then b Ia «■ 

Proof. Suppose not. Choose some finite B C A such that a Ib Ab and b fs A (such a set 


can be found by Corollary 2.58). Since b ^a a, we have b Aa. By Lemma 2.60, there 


is some finite set C such that B <E C A and b Yb Ca. By transitivity, b Yc On the 
other hand, a Ib Ab, and thus a Ib Cb, so a fc b, which contradicts Lemma [2.47[ □ 

We now show that ranks can be added together in the usual way. 

Lemma 2.62. For any a, b and A, it holds that 

U{ab/A) = U{a/bA) + U{b/A). 

Proof. We first note that it suffices to prove the lemma in case A is finite. Indeed, by 


definition 2.56, we find finite Ai^A 2 ,A 2 , C H so that U{ab/A) = U{ab/Ai), U{a/bA) = 


U{a/hA2) and Ufb/A) = U{b/AY). Denote Aq = AiU A2A A^. Since the above ranks are 
minimal, we have U{ab/A) = U{ab/Ao), U{a/bA) = U{a/hAo) and U{h/A) = U{h/Ao). 
Thus it suffices to show that the lemma holds for Aq, a finite set. 

Next, we show that for any c and any finite set B, U{c/B) is the maximal number n 
such that there are sets Bi, i < n so that Bq = B, and for all i < n, Bi P i^i+i and 
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c -Bj+i. By Lemma 2.57, U{c/Bi) > U{c/Bi+i) for all i < n, and thus, U{c/B) > n. 


On the other hand, by the dehnition of 17-rank (Dehnition 2.23), there are models Bi, 
i < m = U{c/B), so that B C Bo, and for each i < m, Bi d Bi+i and c J/g. Bj+i. Write 
Bo = B. By Lemma 2.60[ for each 1 < i < m, we hnd some hnite Bi C Bi so that 
c Bi. Thus, n> m = U{c/B). 

To show U{ab/A) < U{a/hA) -|- U{b/A), we let n = U{ab/A) and Ai, i < n he as above 
for U{ab/A). Then, for each i < n, we must have either a Aj+i or b Aj+i. Indeed, 


if we would have both a IbAi ^i+i and b ^Ai then by Lemma 2.47, we would have 


Aj+i \,Ai b and Aj+i a, and thus by applying hrst Lemma 2.50 and monotonicity, then 


Lemma 2.47 again, we would get ab Aj+i. Thus, U{a/bA) + Uib/A) > n. 


Let now U{b/A) = m and let A', i < m he the sets witnessing this (here A'q = A). 
Choose a' so that t{a'/Ab) = t{a/Ab) and a' ihA A'^. Using a suitable automorphism, we 
hnd Ai, i < m, also witnessing U{b/A) = m so that a IbA Am- Thus, by Lemma 2.57 


U{a/bAm) = U{a/bA). Let U{a/bAm) = k and choose Bi, i < k witnessing this. Now, 
A = Ao,..., Am-i,Bo,... ,Bk witness that U{ab/A) > m + k (note that we may without 
loss assume that Am = Bo). □ 

The results we have proved thus far allow us to prove also the following lemma. It will 
be used in the next section, when discussing global types and canonical bases. 


Lemma 2.63. Suppose A is a model, A a finite set such that A d A, B is such that 
AC B,b B, b' i'X B and t{b/A) = t{b'/A). Then, t{b/B) = t{b'/B). 


Proof. By Lemma 2.49, it suffices to show that Lt(b/A) = Lt{b'/A). By Lemma 2.35, this 
follows after we have shown that t{b/A) = t{b'/A). Suppose not. Then, there is some 
a E A such that t{ab/A) ^ t{ab'/A). Let / G Aut(M/y4) be such that f{b') = b, and let 



t{ab/A) 7 ^ t{ab'/A) = t{a'b/A) = t{a"b/A), 


a contradiction since t{b/A) does not split over A. 


□ 


Next, we give our analogue to hrst order algebraic closure: bounded closure. We then 
show that models are closed in terms of the bounded closure, that the bounded closure 
operator has hnite character, and that it really is a closure in the sense that the closure 
of a closed set is the set itself. In section 2.5, we will present quasiminimal classes. This 
setting is analoguous to the hrst order strongly minimal setting. In strongly minimal 
classes, the algebraic closure operator yields a pregeometry, and ranks can be calculated 
as pregeometry dimensions. Similarly, in quasiminimal classes, a pregeometry is obtained 
from the bounded closure operator, and U-ranks are given as pregeometry dimensions. 


Definition 2.64. We say a is in the bounded closure of A, denoted a G bcl{A), ift{a/A) 
has only boundedly many realizations. 

Lemma 2.65. Let A he a model. Then, bcl{A) = A. 
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Proof. Clearly A C bcl(^). For the converse, suppose towards a contradiction that a G 
bcl(^) \ A. By Lemma 2.15, there is some hnite A C ^ so that a A. Choose 
now an element a' such that t{a'/A) = t{a/A) and a' bcl(^). Then, a' G bcl(^). 
By Axiom I, there is some h & A such that t{b/A) = t{a'/A) and thus b ^ a'. In 
particular, t{a'a'/A) ^ t{ba'/A). Thus, a' and b witness that t(a'/bcl(A)) splits over A, a 
contradiction. □ 

Lemma 2.66. If a E bcl{A), then there is some finite B (P A so that a G bcl{B). 

Proof. There is some hnite B A such that a Ib A. We claim that a G bcl(i?). Suppose 
not. Let A be a model such that A A. Now there is some a' so that Lt{a'/A) = Lt{a/A) 
and a' Ib A. By Lemma 2.65, a' G bcl(A) C bcl(A) = A. Since a ^ bcl(i?), the 


weak type t{a/B) has unboundedly many realizations. Hence, by Lemma [2.27| there is 
a Morley sequence over some model B D B so that oq = a' (just use a suit¬ 

able automorphism to obtain this). By Axiom AI, there is an element a" G A so that 


t{a''/a'B) = t{ai/a'B), and by Lemma 2.34 , Lt{ai/B) = Lt{a'/B). Thus, there is an 


automorphism / G Aut(M/H) such that /(a") = Oi and /(o') = a'. Using Lemma 2.37 
one sees that automorphisms preserve equality of Lascar types. Hence, the fact that 
Lt{ai/B) = Lt{a'/B) implies Lt{a"/B) = Lt{a'/B). But we have a' = Qq ^ Oi, and thus 


also a” a', so t{a'a'/B) ^ t{a'a"/B)., which contradicts Lemma 2.49 since we assumed 
a' l^B A. fH 

Lemma 2.67. For every A, bcl{bcl{A)) = bcl(A). 


Proof. By Lemma 2.66, we may assume that A is hnite. Suppose now a G bcl(bcl(A)) \ 
bcl(A). By Lemma 2.66, there is some b G bcl(A) so that a G bcl(A6). Let k, be an 


uncountable cardinal such that k > |bcl(bcl(A))|. Since a ^ bcl(A), there are Oi, i < 
so that Oi 7 ^ Qj when i j and t{ai/A) = t{a/A) for all i < k. For each i, there is some 
bi G bcl(A) such that t{biai/A) = t{ba/A). By the pigeonhole principle, there is some b' 
and some X C k so that |X| = k and bi = b' for i E X. Hence, for any i E X, t{ai/Ab') 
has unboundedly many realizations, a contradiction since a* G bcl(A6'). □ 

Lemma 2.68. Let A G B. If a E bcl{A), then a Xa B. 


Proof. By Lemma 2.66, we may assume that A is hnite. Choose a' so that Lt{a'/A) = 
Lt{a/A) and a' Ia B. Then, a' G bcl(A). Consider the equivalence relation E dehned 
so that (t, y) G U if either x,y ^ bcl(A) or x = y E bcl(A). This is an A-invariant 
equivalence relation. Moreover, since A is hnite, we may choose a countable model A so 


that A C A. By Lemma 2.65, bcl(A) C A, so U has boundedly many classes, and thus 
(a, a') G E. It follows that a = a'. □ 

Lemma 2.69 (Rehexivity). If a E bcl{B) \ bcl{A), then a jA B. 

Proof. Suppose a Ia B. Choose a model A so that RCA and a' so that t{a'/B) = t{a/B) 


and a' ^a A. By Lemma 2.65 a' E A. Now we proceed as in the proof of Lemma 2.66 to 
obtain a contradiction. □ 

Now we have shown that our main independence notion j, has all the properties of 
non-forking. 
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Theorem 2.70. Let 1C he a FUR-class, let Ml be a monster model for K,, and suppose 
ACBCCCDc M. Then, the following hold. 

(i) Local character: For each a, there is some finite Aq A such that a A. 

(a) Finite character: If a J /4 B, then there is some b E B so that a J/a b. 

(Hi) Stationarity: Suppose that Lt{a/A) = Lt{h/A), a Ia B andb Ia B. Then, Lt{a/B) = 
Lt{b/B). 

(iv) Extension: For every a, there is some b such that Lt{h/A) = Lt{a/A) and b Ia B. 

(v) Monotonicity: If a f a D, then a fs C. 

(vi) Transitivity: If a Ia B and a Ib C, then a ^aC . 

(vii) Symmetry: If a Ia b, then b Ia a- 

(via) U-ranks: a Ia B if and only ifU{a/B) = U{a/A). 

(ix) Finiteness of U-rank: For all a, U{a/(l)) < u. 

(x) Addition of ranks: For all a,b, U{ab/A) = U{a/bA) + U{b/A). 

(xi) Independence of bcl: If a E bcl{A), then a B. 

(xii) Reflexivity: If a E bcl{B) \ bcl{A), then a J/a B. 

(xiii) Local character of bcl: If a E bcl{A), then there is some finite Aq F A so that 
a E bcK^Affj. 

(xiv) Closure: bcl{bcl{A)) = bcl{A). 

(xv) Models are closed: If A is a model, then bcl{A) = A. 


By easy calculations, one proves the following corollary (for (ii), use the dehnition of 
f/-rank, and for (hi), choose a model A such that a E A and c A, and use the fact that 
if 6 G bcl(a), then b E bcl(.4,) by Theorem 2.70, (xiv)). 


Corollary 2.71. Suppose JC is a FUR-class, and M is a monster model for 1C. Then, the 
following hold. 

(i) If A Ib C and D C bcl{BC), then A CD. 

(ii) If a E bcl{Ab) and b E bcl{Aa), then U{a/A) = Uifb/A). 

(Hi) If a E bcl(Ab) and b E bcl{Aa), then for any c, it holds that U{c/Aa) = U{c/Ah). 


2.4. and canonical bases. In this section, we will construct and show that 
canonical bases exist and have the usual properties one would expect. 

In the hrst order context, there are only countably many formulae, and thus only count¬ 
ably many dehnable equivalence relations. Hence, can be built by adding imaginaries 
corresponding to all of them without violating cj-stability. Moreover, in this context, 
has elimination of imaginaries. 

However, in the non-elementary case, the concept of dehnability is much broader than 
hrst order dehnability. As an example, consider a class of models with unary predicates 
Pi, i < u, such that each Pj has an inhnite interpretation. For each X F u, dehne an 
equivalence relation Ex so that aExb if and only if a G IJisv Pi b E Uiex This 
gives us uncountably many equivalence relations. The same construction can be done 
using Galois types in place of the predicates Pi, so in most non-elementary cases there will 
be uncountably many equivalence relations to consider. 

Since we wish to be able to use our independence calculus in cj-stability is vital 
for our arguments. Thus, we cannot add uncountably many imaginaries. We will solve the 
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problem by choosing a countable collection of equivalence relations and adding imaginaries 
only for them. The choice will be made so that the collection contains everything needed 
for our arguments (in particular, so that we can have canonical bases). However, the 
drawback here is that we cannot prove elimination of imaginaries. Instead, we will move 
to etc., when needed. For our arguments, it will be important to be 

able to use the independence calculus in the extensions. Thus, we will show that if M is 
a monster model for a FUR-class, then also is such. 

We now make all this more precise. Let T be a countable collection of 0-invariant 
equivalence relations E such that E C M” x M"" for some n. By this we mean that if 
E E S, then E is an equivalence relation on some model in /C (note that from this it 
follows that E is an equivalence relation on every model in /C; indeed, it takes at most 
three tuples to prove that a relation is not an equivalence relation, and by axiom AI all 
models are s-saturated) and there is some countable collection of Galois-types so that 
(a, b) E E if and only if t^{ab/i!)) E Ge- We assume that the identity relation is in T, =G £ 
(note that there are only countably many Galois types over 0). For every A E 1C we let 
be the set {a/E\ a E A, E E £}. We identify each element a with a/ =. For each 
E E £, we add to our language a predicate Pe with the interpretation {a/E\ a E A} and 
a function Ee : A'^ -E A^'^ (for a suitable n) such that Ee^o) = a/E. Then, we have all 
the structure of A on P=. We let IC^^ = {A^^\ A E /C}. We write A^^ if A^'^ is a 

submodel of and A ^ B. 

We will now show that if (/C, = 4 ) is a FUR-class, then also (/C®"^, is a FUR-class. 
Notice first that for each model A, the model A‘^'^ is unique up to isomorphism over A and 
that every automorphism of A extends to an automorphism of A^'^. Thus it is easy to see 
that if (/C, is a FUR-class, then (/C®'^, is an AEG with AP, JEP and arbitrary large 
models, that LS{JC^^) = u and that does not contain finite models. It is also easily 
seen that if the axioms AI, AIII, and AVI hold for /C, they hold also for 

We now show that also All holds. 

Lemma 2.72. Suppose that 1C is a FUR-class. Then, axiom All holds for IC^^. 

Proof. Let A'^‘^ E be countable, and let a be arbitrary. We need to construct an s- 
primary model over .4,^'^a. Let 61 ,..., G M be such that a = (Fei(&i), • • •, PEmi^n)) 
for some Pi,..., Em E £, and denote b = (&i,..., 6 „). We will hrst show that we may 
choose b so that there is some hnite A E A such that for all b', t{b'/Aa) = t{b/Aa) implies 
tip' / Aa) = t{b/Aa). 

We note hrst that for this it suffices to hnd some b = (bi,...,bm) so that a = 
(EEj^ibi),... ,EE^{bn)) and a hnite set A such that t{b/A) = t{b'/A) whenever t{b/A) = 
tip'/A) and (Pe;j(&i), ..., Ee^{P'P)) = a. Indeed, suppose we have found such a tuple b and 
such a set A. Let b' be such that t{b'/Aa) = t{b/Aa). Then, a = (Pb^( 6 'i), ... iEe^P)'^), 
and thus tipjA) = tip'/A). We claim that moreover, tip'/Aa) = tip/Aa). If not, then 
there is some hnite set A' E A such that t{b'a/A') 7 ^ tipa/A'). Since tip'jA') = tip/A'), 
there is some / G Aut(M/A') such that f{b) = b'. But / extends to an automorphism 
f E Aut(M®'?/A), and 

f'{a) = (EEPfib ,)),..., EEjfibm)) = {EeM, ..., EeM = a, 
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where for each i, /(&*) denotes the relevant projection of the tuple /(&). Thus, t{b'a/A') = 
t{ha/A'), a contradiction. 

To simplify notation, denote now by F the function from M to that is given by 
{Fei, ... ,Fe^). Let Ao = 0 and let bo be such that F{bo) = a. If bo and Aq are not as 
wanted, then there is some hnite Ai C A and some bi so that F{bi) = a, t{bo/Ao) = 
tipilAo) and t{bi/Ai) ^ t{bo/Ai). Now we check if Ai and bi are as wanted. By AIV, we 
cannot continue this process inhnitely, so at some step we have found b = b^ and A = An 
as wanted. 

Let now B = A[b] = Ab U claim that B^'^ is s-primary over A^'^a. For 

this, we need to enumerate the elements of B^'^ so that we may write B^'^ = A^'^a U 
Let b = {bo ,... ,bk), where each bi is a singleton. For 0 < i < k, we denote Cj = 6 j. By 
the above argument, the required isolation property is satished. After this, we list the 
elements so that whenever i < j, we have bi = Cii and bj = cji for some i' < j'. Moreover, 
we take care that for each singleton c G B^^ \{BL} the elements of some tuple d E B 
such that c = FE{d) for some E E S are listed before c (i.e. if d = {do,... ,dk), then, 
do = CiQ,... ,dk = Ci^ and c = Cj for some io < ■ ■ ■ < ik < ])■ Then, the required isolation 
properties are satished and we see that B^'^ is indeed as wanted. □ 


Lemma 2.73. Suppose that JC is a FUR-class. Then, axiom AIV holds for /C®*?. 

Proof. Let a G Again, there is some tuple 6 G M so that a = F{b) for some dehnable 
function F. Then, there is a number u < a; so that for any countable A E K, and hnite 
A' C A, player II wins GI{b, A', A) in n moves. Let now G be countable and 
A C A^'^ hnite. We claim that player II will win GI{a, A,A'^^) in n moves. Let A' (Z A 
be such that every element x E A can be written as a; = F{y) for some y E A' where F 
is a dehnable function. Now, player II wins GI{b,A',A) in n moves. If there are some 
tuples a', a" E and some hnite sets G C B C A^'^ such that t{a'/G) = t{a"/G) but 
t{a'/B) 7 ^ t{a''/B), then there are tuples V,b" E M and a dehnable function F so that 
a' = F{b'), a” = F{b''), and some B' Z A and a dehnable function H so that B C H{B') 
and t{b'/B') ^ t{b" jB'). Thus, the claim follows. □ 

Lemma 2.74. Suppose 1C is a FUR-class. Then, axiom AV holds for . 


Proof. Suppose B‘^'^ E are countable models, C a E and a. 

We need to prove a B^'^. Suppose this does not hold. Then, there is some b E B^^ 
such that 


a yffeq b. 

We note that we may assume b E B. Indeed, there is some bo E B and some dehnable 
function F such that b = F{bo). Then, a Yff^q bo. This follows from the fact that if 
A Z is hnite and t{bo/A) = t(6g/A), then t{b/A) = t{F{bo)/A) = t{F{b'o)/A), and 
t{abo/A) = t{abQ/A) implies t{ab/A) = t{aF{b'o) / A). 

Let now a' G M be such that a = F{a') for some dehnable function F. We wish to 
apply Lemma 2.6 to hnd some 6' G M such that t{b'/A^^) = t{b/A^^) and b' Iff^q aa'. 
First, we note that we only needed axiom AI to prove Lemma [2.6[ so we can indeed apply 
it. Secondly, Lemma 2.6 requires that there is some hnite A Z A^'^ such that t{a/A^^) 
does not split over A. But by Lemma 2.15 there is some hnite A Z A Z such that 
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t{a/A) does not split over A. By similar reasoning that was used above to prove that it 
suffices that b & B, one sees that then actually t{a /does not split over A. Thus, we 


may apply Lemma 2^ to find a suitable h' G M. 

Since I'^eq a, we have b a, and thus jA^^a) = t{b/A^^a) (note that also 


Lemma 2.5 requires only axiom AI). Thus, to obtain a contradiction, it suffices to show 
that a 4 ,( 4 % b'. But b' 4 ,( 4 % aa' implies that b' \J^ a' (in M), and thus by Lemma 2.18 
a' 4,(y b'. It follows that a' l^<,q b'. 

We have now proved the following. 


□ 


Theorem 2.75. If {1C, A) is a FUR-class, then also (/C'^'^, is a FUR-class. 


We wish to prove the existence of canonical bases. With this in aim, we will now discuss 
global types. Let M' G /C be a |M'| -model homogeneous and universal structure such that 
M ^ M' and |M'| > |M|. We call M' the supermonster. Then, every / G Aut(M) extends 
to some /' G Aut(M'). In the following, we will abuse notation and write just / for both 
maps. 

By a global type p, we mean a maximal collection {p^ | A C M finite } such that pa is 
a Galois type over A, and whenever A F B and 6 G M realizes ps, then b realizes also pa- 
We denote the collection of global types by S'(M). Moreover, we require that global types 
are consistent, i.e. that for each p G S'(M), there is some 6 G M' such that b realizes pa 
for every finite set A C M (note that the same element 6 G M' is required to realize pa 
for every A). 

Let / G Aut(M'^'^), p G S'(M). We say that f{p) = pii for all finite A, i? C M such that 
f{B) = A and all b realizing pb, it holds that t{b/A) = pA- 

Definition 2.76. Letp G S'(M). We say that a G is a canonical base forp if it holds 
for every f G Aut{M^'^) that f{p) = p if and only if f{a) = a. 


We will now prove that we may choose the collection 8 of equivalence relations in such 
a way that each global type will have a canonical base in M®'^. For this, we need to make 
sure that certain equivalence relations are included in 8 . 

Let p G S'(M) be a global type that does not split over a G M. Suppose 6 G M' realizes 
p. Consider an arbitrary c G M and let q = t{b,c/(l>). Since t( 6 /M) does not split over a, 
there are types Qi, i < u, over 0, so that for all d G M the following holds: bd realizes q 
if and only if ad realizes g* for some i < u. Indeed, there are only countably many types 
over the empty set, and from the non-splitting it follows that if f(dia/ 0 ) = t{d 2 a/^), then 
t{bdia/^) = t{bd 2 a/^). Thus, we may choose the types g* as wanted. 

For c G M, denote gc = t{b, c/0), and let g/, z < a; be such that for all d eM, bd realizes 
qc if and only if ad realizes g/ for some i < u. Define the equivalence relation E as follows: 
(oo, Oi) G if the following holds for all c, d G M: a^d realizes Vi<aj 
realizes g/. 

We will later show that a/E is a canonical base for p. But first, we have to make sure 
that the equivalence relation E can be included in 8 for every p G S'(M). Namely, it needs 
to be verified that we can do with countably many such equivalence relations E. 

Indeed, for each global type p realized by an element 6 G M', there is some tuple a G M 
such that f( 6 /M) does not split over a. Now the tuple ba determines the equivalence 
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relation E described above, and we claim that E depends only on t{ha/^). Indeed, let 
h' G M', a' G M be such that b' la' M and t{h'a'/%) = t(6a/0). Then, there is some 
/ G Ant (M/0) such that /(a) = a', and some E G Aut(M'/0) extending / (and in 
particular, E{m) G M for every m G M). Let b” = E{b). Then, since b M, we have 
b” M. On the other hand, we have 


t{b'a!/%) = t{ba/^) = t{b"a /^), 


so t(b'/a') = t{b''/a') and by Lemma 2.63, t(6'/M) = t(6/M). Thus, there is an automor¬ 
phism G of M' such that G{ab) = a'b' and G(M) = M (we hrst take ab i—)■ a'b” by E and 
then £x M pointwise and take b" h-)■ b'). Then, the global type p' = t{G{b)/M.) can be 
determined from /(a) = a' in the same way as p was determined from a, and the dehnition 
of E stays the same. 

From now on, we will assume that all these equivalence relations E are indeed included 
in S. This allows us to construct so that every global type has a canonical base. 


Lemma 2.77. Suppose p G S'(M). Then, there is some a G so that a is a canonical 
base for p. 


Proof. Let p G S{M) be a global type that does not split over a G M, and suppose 6 G M' 
realizes p. Let E be for p and a as described above. 

We claim that a/E is a. canonical base for p. Suppose hrst that / G Aut(M) is such that 
fip) = P- We will show that (a,/(a)) G E, which implies that f{a/E) = f{a)/E = a/E. 
As / is an automorphism, we have t{a/tlf) = t{f{a)/tlf). Let now c G M be arbitrary. Since 
fip) = Pi we have 

qc = t( 6 c/ 0 ) = t( 6 /(c)/ 0 ). 

f((f) 

for every c G M Thus, we may choose =qi for all i < u, and moreover we have 
/(a)/(d) realizes \J g/ ad realizes \J g/ a/(d) realizes \J g/, 

i<uj i<u i<LJ 

where the hrst equivalence follows from / being an automorphism, and the second one 
from the fact that t(M/0) = t(6/((i)/0). Since this holds for every d and automorphisms 
are surjective, we may, for arbitrary d' G M, choose d G M so that d' = /(d) to obtain 

/(a)d' realizes \y g/ ad' realizes \J g/, 

i<LJ i<U) 

so (a, /(a)) G E. 

Suppose now fia/E) = a/E. Then, (a,/(a)) G E. We will show that t(6c/0) = 
^(^/(c)/0) for all c G M. Then, clearly f{p) = p. Let c be arbitrary. Denote g^ = t{bc/tlf). 
Then, ac, and thus also /(a)/(c), realizes now, since (a,/(a)) G E, we have 

that also a/(c) realizes \Ji^^qi- From this it follows that 6 /(c) realizes g'^, i.e. 

t( 6 c/ 0 ) = qc = t( 6 /(c)/ 0 ). 

So, we have shown that a/E is a canonical base for p, as wanted. □ 

Definition 2.78. Let a G M and let A C M. By Theorem \2. 7(J[ (iv), there is some 6 G M' 
such that Lt{a/A) = Lt{b/A) and b Ia M. Let p = t{b/M.). By a canonical base fora over 
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A, we mean a canonical base of p. We write a = Ch{a/A) to denote that a is a canonical 
base of a over A. 

Next, we prove some important properties of canonical bases. 

Lemma 2.79. Let a G M and let A cM. be a finite set. Then, Cb{a/A) G bcl{A). 

Proof. Let 6 G M' be snch that Lt{a/A) = Lt{b/A) and b Ia M, and let p = t(6/M). 
Denote a = Cb{a/A), and snppose a ^ bcl(y4). Then, t(a/A) has nnbonndedly many 
realizations. Snppose t{f3/A) = t{a/A). Then, there is some / G Ant(M/74) snch that 
f{a) = ft, and there is some /' G Aut(M'/74) snch that / C /'. Then, ft defines the 
global type f(/'(6)/M). Similarly, each realization of t{a/A) dehnes a global type. By 
the dehnition of a canonical base, the global types dehned by these nnbonndedly many 
elements are pairwise distinct. Let / G Ant(M/A) and let a' = f{a). Then / extends to 
an antomorphism g of M', and we have g{b) = b' for some 6' G M' \ M. Since g{Mt) = M, 
we have b' Ia M- Let .4, C M be a conntable model snch that A C A. Then, by (v) in 
Theorem 2.70, we have 6 M and b' 4,_4 M. Since f(6/M) ^ t{b'/'M), by Lemmas 2.41 


and 2.5, we mnst have t(h/A) ^ t(h'/A). This means that we have nnconntably many 
distinct types over the conntable model A, a contradiction against Lemma [2.16 □ 

Remark 2.80. Let a G M, and let A and B be sets such that A B, and let a G M'^'^ If 
a Ia B, then a = Ch{a/A) if and only if a = Cb{a/B). 

Lemma 2.81. Let a G M and let a = Cb{a/A). Then, a fa A. 

Proof. Let 6 G M' be snch that Lt{a/A) = Lt{h/A) and b Ia M, and let p = f(6/M). Then, 
a is a canonical base of p. 

We note hrst that b M. Indeed, if there were some c, d G M that wonld witness 
the splitting, then there would be some automorphism / hxing a such that f{d) = c. Let 
b' = f{b). Now, we have 

tfbd/a) 7 ^ t{hc/a) = tifb'd/a), 

so tip!da) p tip'/da), which is a contradiction since / fixes the type p (since it fixes a). 

and thus b A. Since a G bcl(A), 

□ 


In particular, by Remark 2.42, this implies b J,, 


we have 6 a and a ^a a, so t{a/Aa) = t{b/Aa), and thus a A. 

Definition 2.82. Let p = t{d/B) for some d G M and B cM.. Suppose B C C. We say 
that p' = t{d'/C) is a free extension of p into C ift{d/B) = t{d'/B) and d' fs C. We call 
a type stationary if it has a unique free extension to any set. If p is a stationary type, we 
will denote the free extension of p into C by p\c. 

Lemma 2.83. Let a = Cb(a/A). Then, t{a/a) is stationary. 

Proof. Let 6 G M' be such that Lt{a/A) = Ltip/A) and b Ia M, and let p = f(6/M). Then, 
a is a canonical base of p. As in the proof of the previous Lemma, b fff M, so b fff and 
thus b 4,0, M®'^. Also, we have (as seen in the proof of the previous lemma) tip/a) = t{a/a). 
Suppose now a E B C. and there is some c G M such that t[c/a) = t{a/a) = t{b/a), 
c la B but t{c/B) p tp/B). Let b' G M' be such that Ltp'/a) = Ltp/a) and b' fa M. 
Then, b' so by Lemma 2.63, f(6'/M) = f(&/M), which is a contradiction, since 


tp/B) p tp/B) = tp'/B). 
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□ 


2.5. Quasiminimal classes. We have given the model class /C of Example |2.3| as an 
example of a FUR-class (see IZH for details). In this section, we will show that something 
more general is true: If /C is a quasiminimal class in the sense of j3] (which is the same as 
in m, but without hnite-dimensional structures), then /C is a FUR-class, given that /C 
only contains inhnite-dimensional models. It will then follow from Theorem 2.70 that /C 
has a perfect theory of independence. 

Quasiminimal classes are AECs that arise from a quasiminimal pregeometry structure. 
Quasiminimal pregeometry structures can be seen as an analogue to strongly minimal 
structures. They are dehned as structures equipped with a pregeometry that has similar 
properties as the pregeometry obtained from the algebraic closure operator in the strongly 
minimal case. In fact, it turns out that this pregeometry is actually obtained from the 
bounded closure operator, and that t/-ranks are given as pregeometry dimensions. 

In j3], a quasiminimal pregeometry structure and a quasiminimal class are dehned as 
follows. 


Definition 2.84. Let M he an L-structure for a countable language L, eguipped with a 
pregeometry cl (or cIm if it is necessary to specify M). We say that M is a quasiminimal 
pregeometry structure if the following hold: 

(1) (QMl) The pregeometry is determined by the language. That is, if a and a' are 
singletons and tp{a,b) = tp{a',b'), then a G cl{b) if and only if a' G clip'). 

(2) (QM2) M is infinite-dimensional with respect to cl. 

(3) (QMS) (Countable closure property) If A M is finite, then cl{A) is countable. 

(4) (QMf) (Unigueness of the generic type) Suppose that H, H' C M are countable 
closed subsets, enumerated so that tp{H) = tp{H'). If a E M \ H and a' E M \ H' 
are singletons, then tp{H,a) = tp{H',a') (with respect to the same enumerations 
for H and H'). 

(5) (QMS) (Ro-homogeneity over closed sets and the empty set) Let H, H' M be 
countable closed subsets or empty, enumerated so that tp{H) = tp{H'), and let b,b' 
be finite tuples from M such that tp{H, b) = tp{H', b'), and let a be a singleton such 
that a E cl{H,b). Then there is some singleton a' E M such that tp{H,b,a) = 
tp{H', b', a'). 

We say M is a weakly quasiminimal pregeometry structure if it satisfies all the above 
axioms except possibly QM2. 


It is easy to see that the class from Example 2^ satishes the axioms. On the other 
hand. Example 2A is an example of a non-element ary FUR-class that does not arise from 
a quasiminimal pregeometry structure. Indeed, if you choose two distinct primes, p and 
q, then two generic elements of order p and g, respectively, will have different types over 
the closure of the empty set, violating (QM4). 


Definition 2.85. Suppose Mi and M 2 are weakly quasiminimal pregeometry L-structures. 
Let 9 be an isomorphism from Mi to some substructure of M 2 . We say that 6 is a closed 
embedding if9{Mi) is closed in M 2 with respect to cIm 2 , and cIm^ is the restriction of cIm 2 
to Ml. 
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Given a quasiminimal pregeometry structure M, let /C“(M) be the smallest class of 
L-structures which contains M and all its closed substructures and is closed under isomor¬ 
phisms, and let /C(M) be the smallest class containing /C“(M) which is also closed under 
taking unions of chains of closed embeddings. 

From now on, we suppose that /C = /C(M) for some quasiminimal pregeometry structure 
M, and that we have discarded all the hnite-dimensional structures from JC. We will call 
such a class a quasiminimal class. For A, B E JC, we dehne ^ ^ if ^ is a closed submodel 
of B. It is well known that (/C, is an AEG with LS{IC) = u. We may without loss 
assume that M is a monster model for /C. In [3], it is shown that /C is totally categorical 
and has arbitrarily large models (Theorem 2.2). It is easy to see that /C has AP and JEP. 
We will show that it is in fact a FUR-cIass. 

We hrst note that we may reformulate the conditions QM4 and QM5 so that the concept 
of Galois type is used instead of the concept of quantiher-free type. This will be useful in 
the arguments we later present. 

Indeed, for QM4, let FT, if' C M be countable and closed, let t^{H) = and let 

a, a' be singletons such that a ^ cl(if) and a' ^ cl(if'). As if and H' are closed, they are 
models. Since if and if' are countable, there is some isomorphism f : H ^ if'. Using 
QM4, we may extend / to a map go '■ Ha ^ H'a' that preserves quantiher-free formulae. 
Let A = cl(fia) and B = cl(fi'a'). We will extend go to an isomorphism g : A ^ B. 
Indeed, iih E A = cl(fia), then by QMS and QMl, there is some b' E B = cl(fi'a') such 
that tp(fi, a, 6 ) = tp(fi, a', 6 '), so fo extends to a map /i : if, a, 6 —)■ H',a',b' preserving 
quantiher-free formulae. Since both A and B are countable, we can do a back-and-forth 
construction to obtain an isomorphism g : A ^ B. Then, g{H, a) = (if', a') and g extends 
to an automorphism of M, so f®(if, a) = t^{H', a'), as wanted. 

For QMS, suppose ff, if' C M are either countable and closed or empty, let t^{H) = 
and let 6 , 6 ' G M be such that t^{H,b) = t^{H',b') and let a E cl(if, 6 ). Again, 
there is a map / such that /(if) = if', f{b) = b' and / preserves quantiher-free formulae. 
As in the case of QM4, we may extend / to an isomorphism g : cl(if 6 ) -E cl(if' 6 '). If 
a E cl(if 6 ), then t^{H, b, a) = t^{H', b',g{a)). 

We will now show that /C satishes the axioms AI-AVI. For this, we will need the following 
auxiliary result. It was hrst presented in a draft for [3] but eventually left out. 

Lemma 2.86. Let a G M and let A be a model and A a finite set such that t{a/A) does 
not split over A. Then, dimcfia/A) = dimci{a/A). 

Proof. Assume towards a contradiction that dmicfia/A) > dimcz(a/M). Let S be a pre¬ 
geometry basis for a over A. By the counter-assumption, there exists c E A such that 
dim.ci{b/Ad) < dim( 6 /A). We can choose c to be independent over A. 

Since dimc;(M) is inhnite, there exists d E A with the same length as c such that 
dim( 6 /Ac') = dim( 6 /A) and that c' is independent over A. 

By (QM4), t{c/A) = f(c'/A), but clearly t{c/Aa) 7 ^ t{c'/Aa), so t{a/A) splits over A, a 
contradiction. □ 


Lemma 2.87. If /C is a quasiminimal class, then JC is a FUR-class. 
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Proof. By [3], /C is totally categorical and has arbitrarily large models. It is also easy to 
see that /C has AP and JEP (for AP, use Theorem 3.3 in [M])- It is quite straightforward 
to prove that the axioms AI-AVI hold. As an example, we present the proof for AIV. 

On move n in G/(a, A,^), let player II choose the set An+i so that t{an+ilA) does 
not split over An+i (such a set exists by Proposition 4.2 in [3]). Then, player / plays 
some tuple a „+2 and some set A '^^2 = ^n+i^ so that t(a„+ 2 /A„+i) = t(a„+i/A„+i) but 
t{an+ 2 /A'^+ 2 ) 7^ ^(«n+i/A(j+ 2 )- We claim that dime;( 0 ^+ 2 /A) < dimcz(a,,+i/A), which 
means that player I can only move dimci(a/A) many times. 


Let m = dimcz(a„+i/A). By Lemma 2.86, d\mci{an+i/An+i) = and thus dimcz(a„+ 2 /A„+i) 


m, so dime/( 0 ^+ 2 /A) < m. Suppose dime/( 0 ^+ 2 /A) = m. Then, in particular, dimc/(a„+ 2 /An+i&) 
dimc/(a„+i/A„+i6) = m. For z = 1,2, write a„+j = a(^+ja"_,_j, where is an m-tuple 
free over A„+i6 and G cl(A„+i6a'„_,_j). By QM4, there is some automorphism a hxing 
An+ih pointwise so that cr{a'.^j_ 2 ) = On+i- Since t(an+ 2 /An+i) = t(a„+i/A„+i), we have 

^i.^i.^n+2) /An+lO^n+l) ~ ^(®n+l/An+lOn+l)- 
On the other hand, t(a„+2/AA 2 ) 7^ ^(“n+i/AA 2)5 so 


^(®n+i/Aan+i^) 7 ^ ^(*^(^71+2)/^ 


which contradicts the fact that An+ia'.^j^f) determines t(a"_,_;^/Aa'„_,_^) by the proof 

of Proposition 5.2 in |3]. □ 

Remark 2.88. We note that in a quasiminimal pregeometry structure, cl{A) = bcl{A). 
Indeed, suppose a G cl{A). Then, a G cl{Ao) for some finite Aq C A. Let a' be such that 
t{a/A) = t{a'/A). By QMl, a' G cI{Aq). By QMS, cI{Aq) is countable, so t{a/A) only has 
countably many realizations. Thus, cl{A) C bcl{A). On the other hand, suppose a ^ cl{A). 
By QMf, t{a/cl{A)) has uncountably many realizations, and thus a ^ bcl{cl{A)), and hence 
a ^ bcl{A). Thus, cl{A) = bcl{A). From now on we will use bcl for cl. 

It is then easy to prove that in a quasiminimal pregeometry structure, U{a/A) = 
dimbci{a/A). 


3. The Group Coneiguration 

In this chapter, we adapt Hrushovski’s group configuration theorem for the setting of 
quasiminimal classes. We assume that /C is a quasiminimal class, i.e. JC = /C(M) for some 
quasiminimal pregeometry structure, as in the last section of Chapter 2. We may without 
loss of generality assume that M is a monster model for the class /C. The proof in the 
elementary case can be found in e.g. [23]. Hrushovski’s theorem states that if there are six 
tuples in the model that form a strict algebraic partial guadrangle (see |2S]), then a group 
can be interpreted. We will adapt the conhguration to our setting by essentially replacing 
algebraic closures with bounded closures. 

We will be working in and occasionally in (M®'^)*^'^. To avoid confusion, we will 
write bcP'^(A) for the bounded closure of A in In this case, A might contain some 
element a G \ M. 

We will say a set A is independent over B if a (A \ {a}) for each a E A. 

In analogue of interalgebraicity, we dehne interboundedness. 
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Definition 3.1. We say x and y are interbounded over a set A if x ^ hcl{Ay) and 
y G bcl{Ax). 

We are now ready to present the configuration that will yield a group. 

Definition 3.2. By a strict bounded partial quadrangle over a finite set A we mean a 
Q-tuple of elements {a,h,c,x,y,z) m each of U-rank 1 over A, such that 
(i) any triple of non-collinear points is independent over A (see the picture below), i.e. 
has U-rank 3 over A; 

(a) every line has U-rank 2 over A (see the picture). 



We will show that if there is a strict bounded partial quadrangle in M, then a group can 
be interpreted (Theorem 3.10). The idea in Hrushovski’s proof (see e.g. [23]) is that you 
(broadly speaking) view the tuples x, y, and z as points on the plane and the tuples a, b, 
and c as transformations that move the points. He proves that y and z are interdefinable 
over b (after making some small modifications), and thus b can (broadly speaking) be seen 
as a function taking y ^ z. Eventually, he constructs a group that consists of this kind of 
functions. 

The small modifications that he makes mostly consist of replacing tuples with inter- 
algebraic ones, and the following remark ensures that we can follow the same strategy, 
in our case replacing tuples with interbounded ones. The remark after it states that the 
tuples a, b and c can be replaced with certain canonical bases (this will be essential when 
constructing the functions). 


Remark 3.3. If each of a,b,c,x,y,z is replaced by an element interbounded with it over A, 
then it is easy to see that the new 6-tuple (o', b', c', x', y', z') is also a strict bounded partial 
quadrangle over A. 

We say that this new partial quadrangle is boundedly equivalent to the first one. 


Remark 3.4. If we have a strict bounded partial quadrangle, as in Definition 3^, then a 
is interbounded with Cb{xy/Aa), b is interbounded with Cb{yz/Ab), and c is interbounded 
with Cb{zx/Ac). 


As a notion of definability, we use Galois definability, given in the definition below. 
However, compared to the first order case, this is more similar to type definability than to 
actual first order definability. 
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Definition 3.5. We say that a tuple a is Galois definable from a set A, if it holds for every 
f G Aut{^/A) that f{a) = a. We write a G dcl{A), and say that a is in the definable 
closnre of A. 

We say that a and b are interdefinable if a E dcl{h) and b G dcl{a). We say that they 
are interdefinable over A if a E dcl{Ab) and b E dcl{Aa). 

Definition 3.6. We say that a set B is Galois definable over a set A, if every f G 
Aut{M/A) fixes B setwise. 

In the case of quasiminimal pregeometry structures, a set that is Galois definable over 
some set A can be given as an infinite disjunction of Galois types over A. 

Definition 3.7. We say that a group G is Galois definable over A if G and the group 
operation on G are both Galois definable over A as sets. 

For example, any group that is cxD-definable in first order over some set A is Galois 
definable over A. 

Definition 3.8. Let B C M. We say an element b E B is generic over some set A if 
U{b/A) is maximal (among the elements of B). The set A is not mentioned if it is clear 
from the context. For instance, if B is assumed to be Galois definable over some set D, 
then we usually assume A = D. 

Let p = t(a/A) for some a G M and A (Z A'. We say b E Ml is a generic realization of 
p (over A') ifU{b/A') is maximal among the realizations ofp. 

We note that in the quasiminimal case, the length of a tuple gives an upper bound for 
its G-rank over any set, so generic elements always exist. 

We will show that if there is a strict bounded partial quadrangle in a quasiminimal 
pregeometry structure M, then a Galois definable group can be interpreted in M. In the 
first order setting, Hrushovski constructs a group from a strict algebraic partial quadrangle 
(see e.g. PSD by viewing the tuple 6 as a germ of a function taking y to z. However, 
we cannot straightforwardly follow Hrushovski’s approach of showing that y and z are 
interdefinable over b. Instead, we will find new tuples a', x', d and a", x", d' so that also 
{a',b,d,x',y, z) and {a",b,d',x",y,z) are strict, bounded partial quadrangles. Then, we 
will show that yx' and zx" are interdefinable over a'bd'. Another difference is that in 
the beginning of his proof, Hrushovski replaces the tuples x, y, z with their finite sets of 
conjugates. In our context, the conjugates are defined in terms of bounded closure, and the 
set of conjugates can be (countably) infinite. Such a set cannot be taken as an element in 
our M®'^, and thus we cannot use Hrushovski’s trick. Instead, we will, by defining suitable 
equivalence relations, move from the pregometry to the canonical geometry associated to 
it and work there. 

We will add the tuples a' and c" as parameters to our language and then view b as 
a germ of function taking yx' to zx". To be able to make this more precise, we need to 
introduce the concept of germs of definable functions. We define them analoguously to 
the first order case. 
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Definition 3.9. Suppose p and q are stationary types over some set B. By a germ of an 
invertible definable fnnction from p to q, we mean a Lascar type r{u,v) over some finite 
set C, such that 

• Lt{u, v) = r implies t{u/B) = p and t{y/B) = q; 

• Suppose Lt{u,v) = r and D gM. is such that COD. If {u',v') realizes r\D, then 
u' D, v' D, v' G dcl{u',D) and u' G dcl{v',D). 


We will denote germs of fnnctions by the Greek letters a, r, etc. We note that the 
germs can be represented by elements in M®'?. Jnst represent the germ determined by 
some Lascar type r, as above, by some canonical base of r. If a is this germ and u realizes 
p\a, then a(u) is the nniqne element v snch that (u,v) realizes r\a-. Note that if a realizes 
p\b and a E B, then a{a) realizes q\a-, and as a{a) B, the element a{a) realizes q\B- 
We note that the germs can be composed. Snppose q' is another stationary type over 
B, (T is a germ from p to q and r is a germ from q to q'. Then, by r.cx we denote a 
germ from p to q' determined as follows. Let u realize p\a,T- Then, we may think of r.a as 
some canonical base of Lt{{u, T{a{u)))/a, r). We note that t{u, r((j(a)))/cr, r) is stationary 
since t^u/Bar) is stationary as a free extension of a stationary type and since T{a{u)) is 
definable from u, a and r. Thns, r.a G dcl((T, r) (see the proof of Lemma 2.77), and the 
notation is meaningfnl. 

We are now ready to state the main theorem of this chapter. We will prove it as a 
series of lemmas. 


Theorem 3.10. Suppose JC is a quasiminimal class, M is a monster model for 1C, A G 
M is a finite set, (a, b, c, x, y,z) E M. is a strict bounded partial quadrangle over A and 
t{a,b,c,x,y, z/A) is stationary. Then, there is a group G in Galois definable over 

some finite set A' C M. Moreover, a generic element of G has U-rank 1. 

Proof. We note first that if we replace the closnre operator bcl with the closnre operator 
bcG defined by bcG(i?) = bcl(y4 U B), we get from M a new qnasiminimal class that is 
closed nnder isomorphisms and consists of models containing the set A. We may think 
of this new class as obtained by adding the elements of A as parameters to onr langnage. 

Then, A C cl(0). Thns, to simplify notation, we assnme from now on that A = tj). When 
nsing the independence calcnlns developed in Chapter 2, we will write A f B ioi A B. 

We begin onr proof by replacing the tnple (a, b, c, x, y, z) with one bonndedly eqnivalent 
with it so that 2 ; and y become interdefinable over b. For each n we first define an 
eqnivalence relation on M”' so that xE'^y if and only if bcl(a;) = bcl(i/). Similarly, 
define an eqnivalence relation E* on so that xE*y if and only if bcF'^(a;) = bcF'^(i/). 

Lemma 3.11. For each u E M”, the element u/E'^ is interdefinable with {u/E^)/E* in 

Proof. Clearly {u/E"')/E* E dc\{u/E^). Snppose now v E M"' is snch that {v/E"')/E* = 
{u/E^)/E*. We note that for each tc G M”, (bcF'^(tc/i7))nM = bcl(tc) and /E)/E*))P 

M"'' = hcr\wlE). Thns, {bcP^^ffiiw/E)/E*) CM = bcl(w). Hence, bcl(n) = bcl(M), 
so a/E'^ = u/E"'. We have thns seen that {u/E"‘)/E* determines u/E"^, so u/E"^ E 
dc\{{u/E^)/E*). □ 
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We also note that if U{u) = 1, then U{u/E^) = U{{u/E^)/E*) = 1. Indeed, u/E^ is 
interbounded with u and thus has f/-rank 1. As {{u/E^)/E*) is interbounded with u/E'^, 
it also has 17-rank 1. 

Claim 3.12. Without loss of generality, each of the tuples x, y, z is of the form u/E"’ for 
some n and some u G M"". 

Proof. If we replace x with x/E"', y with y/E^ and with z/E'^, then these elements are 
interbounded with the old ones, so we still have a strict bounded partial quadrangle over 
A. □ 

Let a' G M be such that Lt{a'/b, z,y) = Lt{a/h, z,y) and a' abcxyz. Since we 
have a bounded partial quadrangle, a' f bzy and thus by transitivity a' f abcxyz. Then, 
there are tuples P,x' such that Lt{a' ,d ,x'/b, z,y) = Lt{a,c,x/b,z,y) and in particular, 
t{a', b, c', x', y, z/tb) = t(a, b, c, x, y, z/t!)). Thus, (a', b, c', x', y, z) is a strict bounded partial 
quadrangle over 0. Similarly, we hud an element c" G M such that Lt{c"/bzy) = Lt{c/bzy) 
and c" i abcxyza'dx', and there are elements a'',x" so that {a",b,d',x",y, z) is a strict 
bounded partial quadrangle over 0. The below picture may help the reader. 



We will add the elements a' and c" as parameters in our language, but this will affect 
the closure operator and the independence notion. In our arguments, we will be doing 
calculations both in the set-up we have before adding these parameters and the one after 
adding them. We will use the notation cl and f for the setup before adding the parameters, 
and cT and f* for the setup after adding the parameters, i.e. for any sets B, C, D, cV^B) = 
c\{B,a',d') and B D if and only if B fcxc" D. Similary, we write u G dcr(i?) if and 
only if M G dcl{Ba'c") and use the notation Ch*{u/B) for Ch{u/Ba'c"). 

Lemma 3.13. The tuples yx' and zx" are interdefinable over a"bc' in after adding 
the parameters a' and c" to the language. 
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Proof. We first prove an auxiliary claim. 

Claim 3.14. If t{z'/byc'x') = t{z/byc'x'), then bcr^{z) = bcP^{z') in M®'^. 

Proof. We will show that both 2 ; and z' are interbounded (with respect to bcl) with 
Cb(6, y/c', x') and thus interbounded with each other. Denote a = Cb(6, y/c', x'). The 
set {b,c',z} is independent. In particular, b fz d. But y G hc\{b,z) and x' G hc\{d,z). 
Hence, by fz dx'. Since 2 ; G bcl(cV), we have a = Cb{by/dx'z) by Remark 2.80, and 
since by fz dx', we have a = Cb{by/z). Thus, a G bcl( 2 ) by Lemma 2.79 We also have 
by la dx', so 

U{by/a) = U {by / ad x') = U{by/dx') = 1, 

where the second equality follows from the fact that a G bcl(z) and z G bcl(c',x'). Now 
a ^ bcl(0), since then we would have Uipy/tb) = 1, contradicting our assumptions. Thus, 
a z, and hence z y a, so z E bcl(Q;). Hence we have seen that z is interbounded with 
a = Ch{b,y/d,x'). Since t{z'/bydx') = t{z/bydx'), the same holds for z'. Thus, z and z' 
are interbounded. □ 


By Claim 3.14, u = z/E* if and only if there is some w such that t{w/bydx') = 
t{z/bydx') and w/E* = u. From this, it follows that z/E* G dc\{bydx') in Thus, 

by Lemma [ 3.11 z G dc\{bydx') C dcl(a"6c'i/x'). 

For zx" G del* {a”bdyx'), it suffices to show that x" G del* {a"bdyx'z). If t{x*/a"yzd') = 
t{x"/a"yzd'), then bcl(x*) = bcl(x") (this is proved like Claim 3.14), and thus x"/E* G 
dc\(^a"d'yz) C del*{a”bdx'yz) (note that dcF is dehned with c" as a parameter). By Lemma 


3.11, x" G del*{a"bdx'yz). 


Similarly, one proves that yx' G del*{a"bdzx"). □ 

Let qi = t{yx'/a'd'), q 2 = t{zx"fold'). We will consider Cbijjx', zx"jal'bd) as a germ of 
an invertible dehnable function from q\ to ^ 2 - But for this, we need the types q\ and q 2 to 
be stationary. This can be obtained by doing a small trick. 

Claim 3.15. IFe may without loss assume that the types qi and q 2 are stationary. 

Proof. We will show that the types become stationary after adding certain parameters to 
the language. 

In order to simplify notation, denote for a while d = (a, b, c, x, y, z, d, x', a", x"). Choose 
now a tuple d' G such that Lt{d'/a'd') = Lt{d/a'd') and d' la'c" d. Now, there is 
some tuple d" G M and a dehnable function E such that d' = E{d) (choose F to be a 
cartesian product of the functions Ee for the relevant equivalence relations E (see 2.4)). 
Let now d* G M be such that Lt{d*/a'd'd') = Lt{d"/a'd'd') and d* la'c"d' d. Then, 
F(d*) = Ei^d") = d', and by the choice of d', symmetry and transitivity, we get d* la'c" d. 

We claim that for any subsequence e C d, the type ti^e/a'd'd*) is stationary. Indeed, 
there is some subsequence e* C d* such that Lt(^E'(^e*)/a'd') = Lti^e/a'd') for some dehn¬ 
able function E' (here, E' is some subsequence of the functions Ee that form E). Thus, 
tie/aid'd) (and hence tie/dd'(P)) determines Lt{e/a'd'). Let a'd'd* C B and /i ,/2 are 
such that t{fi/a'd'd*) = t{f 2 /a'd'd*) = t{e/a'd'd*) and fi la'c''d* B for i = 1,2. Then, 
Lt{fi/a'd') = Lt{f 2 /a'd'). Since fi la'c" d* for z = 1,2, we have by transitivity fi la'c" B, 
and thus Lti^fi/B) = Lt(^f 2 /B). So the type is indeed stationary. 
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Now, we add the tuple d* as parameters to our language. Since it is independent over 
a'c" from everything that we will need in the independence calculations that will follow, 
the calculations won’t depend on whether we have added d* or not. Thus, we may without 
loss assume d* = 0 . □ 


We will show that we can consider Cb{yx', zx”/a''hd) as a germ of an invertible dehnable 
function from qi to g 2 , and that we may without loss suppose that h = Ch{yx', zx"/a''bc'). 
Then, we will prove that for independent &i ,&2 realizing tp( 6 /a'c"), is a germ of an 

invertible dehnable function from qi to qi. 

Note hrst that as a” G bcl( 6 c") C bcT( 6 ) and d G bcl(a' 6 ) C bcr( 6 ), we have 
Ch{yx', zx"/a''bd) = Ch*{yx', zx"/b). Thus, from Lemma 3.13, it follows that the tuples 
yx' and zx" are interdehnable over Ch* {yx\ zx"/b) after adding the parameters. Hence, 
we may view Ch*{yx', zx"/b) as a germ of a function taking yx' h->• zx". 

We claim that after adding the parameters, b is interbounded with Ch*{yx', zx"/b). 
Denote now a = Ch*{yx', zx"/b). Clearly, a G bcr( 6 ). We have yx'zx" J,* b and thus 
b 4,* yx'zx". Since b G bcT(i/, 2 ;), we have b G bcr(a) by Theorem 2.70, (xii). Thus, we 
may without loss assume that b = Cb*(i/a;', zx"/b). 

Let r = t{b/a', d'). If 61 , 62 realize r, then by we mean the germ of the invertible 

dehnable function from qi to qi obtained by hrst applying 62 , then b^^. In other words, let 
yix'i realize qi\bib 2 i and let zix'l = b 2 .{yix'i). So zix'l realizes q 2 \bib 2 - Let 1 / 2 X 2 = 67^-(dx'/) 
(i.e. Zix'l = 61 .( 1 / 2 X 2 )). We may code the germ b^^.b 2 by some canonical base of the type 
p = t(//ix 4 ,// 2 X 2 /& 1 , ^ 2 , c"), i.e. we will have & 7^-^2 = Cb*(//ix 4 ,// 2 X 2 /& 1 , fe 2 )- A type can 

have diherent canonical bases that don’t necessarily have the same Galois type. However, 
we now hx a Galois type for this canonical base, and whenever we consider a canonical 

This type can have diherent canonical bases, and all of them might not have the same 
Galois type. Thus we now choose one canonical base and hx its Galois type; whenever we 
will consider a canonical base for p, we will assume it to have this particular Galois type. 

As noted before, we have & 7^-^2 G del*( 61 , 62 )- 


Lemma 3.16. Let 61 , 62 realize r (= t{b/a'd')), and let 61 I* 62 . Then, 6 ;^ ^62 i* bi for 
i = 1,2. In particular, [/( 67 ^. 62 /a'c") = 1. 


Proof. Without loss of generality, 62 = 6 and 61 f* a, 6 , c, x, y, z, d, x', a", x". 

We have a! f bzx, and thus 6 0 !. Since 6 f zx, we get 6 f a'zx. On the other hand, 

d' f a'bzx, and thus (since 6 f a'zx) 6 f a'd'zx. This implies 6 f* zx. Since, x" G bcT( 2 ;) 
and c G bcr( 2 ;x), we have 6 f* cxzx". Hence, tibja!d'cxzx") = t{bi/a'd'cxzx") (remember 
that r is stationary due to the trick we did earlier), and there are elements ai,yi, c^, x'^, a" 
so that 


4./ 7 //////// //\ 4./ L I ! N n ! I n\ 

t(ai, bi,c,x,yi^ jac j = t(a, b^c^x^y^z^c ,x , x /ac j. 


To visualize this, think of the picture just before Lemma |3.13[ In the picture, keep the 
lines (c, x, z) and (c", ; 2 , x") hxed pointwise and move 6 to 61 by an automorphism hxing 
a'd'. As a result, we get another similar picture drawn on top of the hrst one, with new 
elements ai,yi,d^ and a" in the same conhguration with respect to the hxed points as 
a, y, c and a" in the original picture. 
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Claim 3.17. aaibbi J,* yx'. 


Proof. By similar arguments as before, one sees that y ia'd'abc and y \, a'P'abc, so 
y ia'c" abcbi by transitivity. As ai G bcr( 6 i,c), we have (by symmertry) aaibbic J,* y and 
thus aaibbi J,* y. As x' G bcr(?/), we have aaibbi J,* yx'. □ 

Claim 3.18. yix'^ G bcr{a,ai,y) 


Proof. X G bcr(a,?/), yi G bcr(ai,x) and x'^ G bcr(i/i). □ 

Claim 3.19. yix[ = {bf^.b){yx'). 


Proof. By Claim 3.17, yx' J,* bbi, so it realizes qi\bbi- On the other hand, t{biyix'i/a'd') = 
t{byx'/a'd') so yix'^ J,* b\. By similar arguments that were used to show that we may 
assume b = Cb*{yx', zx"/b), we also see that we may assume bi = Cb*{yix'i, zx"/bi). 
Thus, b : yx' h-)■ zx" and bi : yix'^ i—)■ zx". □ 


Claim 3.20. aai f b. 


Proof, abc J,* bi, and thus ab J,* bi. As Oi G bcT( 6 i, c), we have ab J,* Oi. By similar type of 
calculations that we have done before, we see that a a'd'c. Since t{ai/a'd'c) = t{a/a'd'd), 
we have that Oi f a'd'c. Together with ab J,* oi, this implies ab J,* Oi. Using the 
independence calculus, one can verify that b a'c" and a J,* b, and thus 

U{aaib/a'c") = U{b/a'c") + U{a/ba'c") + U{ai/aba'c") = 1 + 1 + 1 = 3, 
so aai J,* b, as wanted. □ 


Claim 3.21. aai i bi. 


Proof. Like Claim 3.20 


□ 


Denote a = b^^^.b. Now by Claim 


3.17 


yx' aaibbi. Thus, by Claim 


3.18 


3.19 


yx'yix'i aaibbi. On the other hand, by Claim 3.17, yx' aaibbi. By Claim 
yix'i G hc\*{yx',b,bi), so yx'yix'^ aaibbi. Recall that a = Ch*{yx',yix'i/b,bi), anc 
thus 

a = Ch*{yx',yix'^/a,ai,b, bi). 

So, a G bcr(a, oi) since yx'yix'^ aaibbi. By Claims 3.20 and 3.21, a f* b and a J,* bi. 

Since a G dcT(6i,62) and a J,* for i = 1,2, we have U{a/a'c") < 1 (remember that 
del* and J,* were dehned using a'c" as parameters). Since bi and 62 realize r = t{b/a'd'), 
U{b/a'c") = 1, bi ),* b 2 , and bi G dcl*{a,b 2 ), we have U{a/a'c") > 1. 

□ 


Denote now a = b^ ^.62 (from Lemma 3.16) and let s = t{a/a'c") (note that t{a ^/a'c") = 
s also). 


Lemma 3.22. Let <Ji,<J 2 be realizations of s such that ai a 2 . Then, ai.a 2 realizes s 
for i = 1,2. 


Proof. Similar as in [25] (see also [21]). □ 

Let G be the group of germs of functions from qi to qi generated by {a | a realizes s} 
(note that this set is closed under inverses and thus indeed a group). 
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Lemma 3.23. For any t G G, there are ai, ct 2 realizing s such that r = (J 1 .CT 2 . 

Proof. Similar as in [2S] (see also [21] )• D 

Consider the set 


G' = (T 2 ) I <Ti, (72 are realizations of s}. 

It is clearly Galois definable over a'c". Let E be the equivalence relation such that for 
7i,72 G G \ (71,72) G -E if and only if 71 (m) = 72(11) for all u realizing Then, 

G = G'/E, and G is Galois dehnable over a'c". 

It remains to prove that for a generic cri.cT 2 it holds that Ua!d'^ = 1. We note 
hrst that for a = we have U{a/a'c") = 1. Indeed, since a J,* 61 , we have 

U{a/a'd') = U{a/a'd'hi) < U{h 2 /a!d'hi) = 1, 


where the inequality follows from the fact that a G dcT(6i,62), and the last equality 
from the fact that hi J,* 62 - On the other hand, we cannot have a G bcl(a'c"), since 
&2 G dcl( 6 i,(j). Thus, U{a/a'c") = 1. If cxi f* ( 72 , then by Lemma 3.22, ai.a2 realizes 
s, and thus U{ai.a 2 /a'c") = 1. If ( 7 i J/" ( 72 , then U{ai.a 2 /a'c") < 1. This proves the 
theorem. □ 


Remark 3.24. Using the group configuration theorem, it is easy to see that if (M, fee/) is 
a non-trivial, locally modular pregeometry, then there exists a group (see jH] for details). 


4. Groups in Zariski-like structures 


In this chapter we suppose that M is a monster model for a quasiminimal class as 
introduced in Ghapter 2. As an attempt to generalize Zariski geometries to this context, 
we will present axioms for a Zariski-like structure. These axioms capture some of the 
properties of the irreducible closed sets in Zariski geometries that are needed for hnding 
a group in that context. We then apply the group conhguration theorem from Ghapter 3 
to show that if M satishes these axioms and the pregeometry obtained from the bounded 
closure operator is non-trivial, then a 1-dimensional group can be found in (M®'^)®'^. The 
argument is a modiheation of the one presented for Zariski geometries in [ 8 ] . 

To simplify notation, we often write a fe for a 4,0 fe and /7(a) for /7(a/0). In the 
following dehnition, when speaking about indiscernible sequences, we don’t assume that 
they are non-trivial. Recall that by generic elements of a set, we mean the elements with 
maximal /7-rank (see Dehnition 3.8). 

Before we can list the axioms for a Zariski-like structure, we need some auxiliary deh- 
nitions. First, we generalize the notion of specialization from [S] to our context. 


Definition 4.1. Let M fee a monster model for a guasiminimal class, A C M, and let C 
be a collection of subsets ofM^, n = 1,2,.... We say that a function f : A ^ M is a 
specialization (with respect to C) if for any ai,...,an G A and for any G E C, it holds 
that if (ai,..., a„) E G, then (/(ai),..., /(a^)) E G. If A = {oi : i E I), B = {bi : i E I) 
and the indexing is clear from the context, we write A ^ B if the map Oi ^ bi, i E I, is 
a specialization. 
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We say that the specialization f is an isomorphism if also the converse holds, that is if 
C E C and (/(oi),..., f{an)) E C, then (oi,..., On) E C. 

If a and b are finite tuples and a ^ b, we denote rk{a -E b) = dim{a/tl)) — dim{b/(l)). 

The specializations in the context of Zariski geometries in [ 8 ] are specializations in the 
sense of our dehnition if we take C to be the collection of closed sets (Zariski geometries 
are quasiminimal since they are strongly minimal). 

Next, we generalize the dehnition of regular specializations from |H]. 

Definition 4.2. Let M. be a monster model for a quasiminimal class. We define a strongly 
regular specialization recursively as follows: 

• Isomorphisms are strongly regular; 

• If a ^ a' is a specialization and a G M zs generic over 0, then a ^ a' is strongly 
regular; 

• aa' -E bb' is strongly regular if a J ,0 a' and the specializations a ^ b and a' —?• b' 
are strongly regular. 

Remark 4.3. It follows from Assumptions 6.6 (7) in [8] (for a more detailed discussion 
on why these properties hold in a Zariski geometry, see izu, Chapter 1.1.) that if a 
specialization on a Zariski geometry is strongly regular in the sense of our definition, then 
it is regular in the sense of j8] (definition on p. 25). 

The following generalizes the dehnition of good specializations from [ 8 ]. 

Definition 4.4. We define a strongly good specialization recursively as follows. Any 
strongly regular specialization is strongly good. Let a = ( 01 , 02 , 03 ), o' = (o), o'g, o'g), and 
a ^ a'. Suppose: 

(i) ( 01 , 02 ) —)■ (o),o' 2 ) is strongly good. 

(a) Oi —)■ a[ is an isomorphism. 

(Hi) 03 E c/(oi). 

Then, a ^ a' is strongly good. 

A Zariski-like structure is dehned by nine axioms as follows. Axioms (ZL1)-(ZL6) are 
some basic properties that hold for Zariski geometries. Axioms (ZL7) and (ZL 8 ) are based 
on some results proved for Zariski geometries in [S] that are needed for hnding the group. 
Axiom (ZL9) is designed to bring back some traces of Compactness to the setting, since 
that is needed at the very end of the argument for hnding the group (this will be discussed 
in more detail below). 

Definition 4.5. We say that a quasiminimal pregeometry structure M is Zariski-like if 
there is a countable collection C of subsets of (n = 1 , 2 ,.. .), which we call the ir¬ 
reducible sets, satisfying the following axioms (all specializations are with respect to C). 

(ZLl) Each C E C is Galois definable over 0. 

(ZL2) For each a G M, there is some C E C such that a is generic in C. 

(ZL3) IfCEC, then the generic elements of C have the same Galois type. 

(ZLf) IfC,DEC,aEC is generic and a E D, then C D. 
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(ZL5) IfCi,C 2 G C, {a,b) G Ci is generic, a is a generic element of C 2 and {a',b') G Ci, 
then a' E C 2 - 

(ZL6) If C & C, C (Z M”, and f is a coordinate permutation on M", then f{C) G C. 
(ZL7) Let a ^ a' he a strongly good specialization and let rk{a —)■ a') < 1. 

Then any specializations ab —)• a'b', ac —>■ a'c' can he amalgamated: there exists b*, inde¬ 
pendent from c over a such that tPiff /a) = tP{h/a), and ab*c —)■ a'b'c'. 

(ZL8) Let {oi : i E I) be independent and indiscernible over b. 

Suppose : i E I) is indiscernible over h', and atb —)■ a'f)' for each i E I. Fur¬ 
ther suppose [h -E h') is a strongly good specialization and rk{h -Eh') < 1. Then, 
{boi : i E I) ^ : i E I). 

(ZL9) Let K be a (possibly finite) cardinal and let Oi, G M with i < k, such that Oq 7^ ai 
and bo = bi. Suppose (aj)j<K -E {h.i)i^,^ is a specialization. Assume there is some unbounded 
and directed S C Vcuj(k) satisfying the following conditions: 

(i) 0,1 G X for all X E S; 

(a) For all X,Y E S such that X <ZY, and for all seguences (ci)igy from V, the following 
holds: If Co = Ci, (ai)i6Y -)■ (Q)i6y -)■ (6i)ier, and rk{{ai)i^Y (ci)ieu) < then 
rk{{ai)i^x (,Ci)i^x) < 1 - 
Then, there are (ci)j<K such that 

Co = Cl and rk{{ai) i^x (Q)iex) < 1 for all X E S. 

Let a G M. Then, by (ZL2) and (ZL3), there is a unique C E C such that a is generic 
on C. This is also the smallest C E C such that a E C. This set determines the Galois 
type of a, and we call it the locus of a. 

Remark 4.6. ITe note that (ZL9) implies the dimension theorem of Zariski geometry (see 
Hi;. Indeed, suppose k = n, a finite cardinal, and a = (oq, ..., Un-i) and b = {bo ,..., fen-i) 
are such that a b, ao ^ ai and bo = bi. Let S = {n}. Then, conditions (i) and (ii) in 
(ZL9) hold, so we find an n-tuple c such that a ^ c ^ b, U{a) — U{c) < 1 and cq = ci. 

In the following, we note that Zariski-like structures are indeed generalizations of Zariski 
geometries. 


Example 4.7. Let D he a Zariski geometry. Since D is strongly minimal, it is also 
guasiminimal. Consider the collection of closed sets in the language. Then, the irreducible 
(in the topological sense) ones among them satisfy the axioms (ZL1)-(ZL9). Indeed, the 
axioms (ZL1)-(ZL6) are clearly satisfied. It is well known that on a strongly minimal 
structure, U-ranks and Morley ranks coincide. On a Zariski geometry, first order types 
imply Galois types. Moreover, every strongly regular specialization is regular, and every 
strongly good specialization is good. Hence, (ZL7) is Lemma 5. If in [8] and (ZL8) is 
Lemma 5.15 in |H]. (ZL9) holds by Compactness. 


Example 4.8. Consider the model class from Example \2.t^ For each n, define the irre¬ 
ducible sets of M"' to be those definable with finite conjunctions of formulae of the form 
Xi = Xj or E{xi,Xj) f\Xi^ Xj. In addition, we reguire that if E{xi,Xj) f\Xi^ Xj belongs to 
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the conjunction, then also E{xj,Xi) Axi ^ Xj belongs there, that if both E{xi,Xj) Axi^ Xj 
and E{xj,Xk) Axj ^ Xk belong to the conjunction, then either Xi = Xk or E{xi,Xk)Axi ^ Xk 
belongs there, and that if both E{xi,Xj) A x* 7^ Xj and Xi = Xk belong to the conjunction, 
then also E{xk,Xj) A Xk ^ Xj belongs there. 

Now, it is easy to verify that the class satisfies the axioms for a Zariski-like structure. 


Example 4.9. Let V be a vector space over Q, and let E be an algebraically closed field 
of characteristic 0. A cover of the multiplicative group of E is a structure represented by 
the exact seguence 

where the map V ^ E* is a surjective group homomorphism from (V, +) onto {E*, ■) with 
kernel K. This is an example of a Zariski-like structure if we take the collection C to 
consist of the irreducible tj-closed sets in the PQF-topology (see a. ra;- The proof can 
be found in [21] or HD]. 


Example 4.10. Hrushovski [6] has constructed a non locally modular strongly minimal 
set that does not interpret any group. Since strongly minimal structures are guasiminimal, 
this is an example of a guasiminimal pregeometry structure. However, it is not Zariski-like 
since our Theorem \4.2(j\ implies that if Zariski-like, it would interpret a group. 


We will show that if the pregeometry obtained from the bounded closure operator is 
non-trivial, then a group can be interpreted in a Zariski-like structure. The locally modular 
case will follow from Remark 3.24 so the non locally modular case is the more interesting 
one. In [S], Hrushovski’s group conhguration theorem is used to show that there is a 
group in a non locally modular Zariski geometry. There authors introduce the concept of 
an indiscernible array and reformulate the group conhguration theorem using it: if there 
is a certain kind of an array in the model, then there is a group conhguration. Then, they 
use properties of families of plane curves to construct a suitable array. The crucial fact 
here is that if D is a non locally modular Zariski geometry, then there is a family of plane 
curves that cannot be parametrized with a set of dimension less than 2. 

Reformulating the group conhguration in terms of indiscernible arrays generalizes rather 
straightforwardly to our setting and is done in section 4.2. The main diherence is that 
in the hrst order context it suffices that the arrays are inhnite, while we need them to 
be uncountable. To be able to follow the method from [8] to construct an array that 
yields a group, we also need a suitable generalization for the notion of a family of plane 
curves presented in [8]. We introduce it in section 4.1. Then, in section 4.3, we will 
follow the argument from [S] to construct an indiscernible array that yields a group. Here, 
the main diherence is that we don’t have Compactness. In [S], the array is built by hrst 
constructing n x n -arrays for each natural number n, and then using Compactness to 
obtain an inhnite array. Since we can’t do this, we start from a very large array, use some 
combinatorial geometric tricks to make it indiscernible, and hnally employ (ZL9) in place 
of Compactness. 


4.1. Families of plane curves. In [8], a plane curve is dehned simply as a 1-dimensional 
closed and irreducible set. This might seem intuitive also in our context, but it would 
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make it difficult to define families of curves in a meaningful way. Following [8] , we wish to 
define a family of plane curves as an irredncible set C where the curves are parametrized 
using another irredncible set E. Then, for each generic e E E, we would expect the set 
C(e) = {x I (e, x) G C} to be a plane curve. This makes sense in the context of Zariski 
geometries since there the irredncible sets are determined by a topology which makes the 
notion of irreducibility in a sense more flexible than in onr setting. The trouble is that 
our collection C captnres only the properties of the irreducible, 0-closed sets in a Zariski 
geometry, not the properties of all irredncible closed sets. Axiom (ZLl) reqnires the sets 
in C to be Galois dehnable over 0, bnt arbitrary sets of the form C'(e) need not satisfy 
this. However, if for a generic (x,i/) G G(e), the tuple {e,x,y) is generic in G, then (ZL3) 
guarantees that the generic elements of C{e) have the same Galois type over e. Thns, we 
introduce the following anxiliary notion and dehne families of plane curves in terms of it. 

Definition 4.11. Let C C be an irreducible set. We say an element a G M"" is 

good for C if there is some b G M"* so that (a, b) is a generic element of C. 

Definition 4.12. Let M. be a Zariski-like structure, let E C M"’ be irreducible, and let 
C C X E be an irreducible set. For each e E E, denote C(e) = {(x, y) E | (x, y, e) E 
C}. Suppose now e E E is a generic point. If e is good for C and the generic point of 
C{e) has Lf-rank 1 over e, then we say that C{e) is a plane curve. We say C is a family 
of plane curves parametrized by E. 

Assume e is good for C and {x,y,e) is generic on C. We say that a is the canonical 
parameter of the plane curve C{e) if a = Cb{x,y/e) for a generic element {x,y) E C{e). 
We define the rank of the family to be the Lf-rank of Cb{x,y/e) over 0, where e E E is 
generic, and {x,y) is a generic point of C{e). 

Definition 4.13. We say a family of plane curves C C xE is relevant if for a generic 
e E E and a generic point {x,y) E C{e) it holds that x,y ^ bcl{e). 

When proving that a one-dimensional gronp can be fonnd from a Zariski-like structnre, 
the non locally modular case will be the difficult one. In this case, hnding the group 
conhguration will lean heavily on the fact that not being locally modular implies the 
existence of a relevant family of plane curves of rank at least 2. 

Lemma 4.14. Suppose M is a Zariski-like structure, and every relevant family of plane 
curves on M has rank 1. Then, M is locally modular. 

Proof. This is similar to (ii) (hi) of Lemma 3.4. in [IT]. See |2T] for details. □ 

4.2. Groups from indiscernible arrays. In the non locally modular case, we are going 
to use a relevant family of plane curves of rank at least 2 to build the group conhguration 
from Ghapter 3. As in [8], we reformulate this conhguration in terms of indiscernible 
arrays. 

Definition 4.15. We say that A = (Ajj : i E I,j E J), where I and J are ordered sets, 
is an indiscernible array over B if whenever ii,... ,in E I, ji,... ,jm E J, ii < ... < in, 
ji < ... < jm, then t((Ai^j^ ■ I < < n, 1 < p., < m)/B) depends only on the numbers n 

and m. 
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If at least the U-rank of the above sequence depends only on m,n, and U{{Ai^j^ : 1 < 
u < n,l < m)/B) = a{m,n), where a is some polynomial of m and n, we say that 
A is rank-indiscernible over B, of type a, and write U{A;n,m/B) = a{n,m). 

If {cij : i E I, j E J) is an array and I' I, J' G J , we write Cjij' for (cjj : i E I', j E J'). 
If |/'| = m and \J'\ = n, we call cj/j/ an. m x n -rectangle from c^-. 

Lemma 4.16. Let f = {fij : i,j E n) he an indiscernible array over A, and let k > ui. 
Then, for all m,n, all the m x n rectangles of f have the same Lascar type over A. 

Proof. Snppose not. Let m,n be snch that all the mx n -rectangles don’t have the same 
Lascar type over A. Let (i?A:)fc<K be a seqnence of disjoint m x n -rectangles snch that 
if fij E i?fci and /j/j/ E Bi^^, where ki < ^ 2 , then i < i' and j < j'. There is some 
I G K, \I\ = K snch that {Bk)k^j is Morley over some model A D A. Relabel the indices 
so that I = K. By the connterassnmption, there is some m x n rectangle B snch that 
Lt{B/A) 7 ^ Lt^Bo/A). Let 0 < A < k be snch that whenever fij E B and fi'j/ E B\, then 
i < i' and j < j'. Now, BqB and BqB\ are both 2m x 2n -rectangles, so t{BoB/A) = 
t{BoBx/A). This is a contradiction, since Lt{Bo/A) ^ Lt{B/A), Lt{Bo/A) = Lt{B\/A) 
and antomorphisms preserve the eqnality of Lascar types. □ 


The following lemma will yield the connection between the indiscernible arrays and the 
gronp confignration from Chapter 3. 


Lemma 4.17. Let {fij : i,j < cui) be an indiscernible array of elements of M, of type 
a{m,n) = m + n — 1 over some finite parameter set B. Then there exists a Galois 
definable 1-dimensional group in 


Proof. We will show that there is in 


a Galois dehnable 1-dimensional gronp by Theorem 3.10 


a gronp configuration as in Definition 3^, and thus 

Let .4, be a countable model 


such that B d A and f is A (note that we can hnd such a model by constructing a 
sequence independent from / over B, and then taking A = bcl(i?, (aj)j<^)). We 

write bcl^(X) for bcl(4, U X). To simplify notation, we assume that R = 0. 

We prove hrst an auxiliary claim. 


Claim 4 . 18 . Suppose U{c/did2A) = U{c/diA) = U{c/d2A). Then there exists e E 
hclj[{di) n bclj({d2) such that U{c/eA) = U{c/did2A). 

Proof. Let E = bcl^((ii) fl bcl^((i2)- Let c = (ci,...,Cm) and suppose Ci,...,Cfc are 
independent over A from did2 while c G bcl^(ci,..., c^, di, ^2)- Then 

c e bcU(ci,.. .,Ck,di,E) 

for i = 1 , 2 . We will show that c E bclyi(ci, . .. ,Ck,E). Let e G R be a finite tuple such 
that E = bcl^(e). Suppose U{d2/Adi) = r and U{d2/A UR) = r 1 . We may assume 
without loss of generality that d2 = eU {^2,1, • • •, 1^2,r, 1^2,r+i, • ■ ■, <^2,r-i-i} where ^2,1, • • •, <^2,r 
are independent over Adi and d2^r+i, ■ ■ ■, <^2,r+z £ bcl^((ii, ^2,1, • • •, 1^2,r)- Now 

C G bcl(ci, . . . ,Ck, ^ 2 , 1 , . . . , d2,r, ■ ■ ■ -I d2,r+li 6, 0,) 
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for some a E A such that d 2 ,r+i, ■ ■ ■, d 2 ,r+i G bcl((ii, d 2 ,i, ■ ■ ■, d 2 ,r, o). We will show that we 
can move the parameters <^ 2 , 1 , • • •, • • •, <^ 2 ,r+z one by one to E using automorphisms. 

We do this first for ^ 2 , 1 - 

We note first that c i_Adi 42 , 2 y-^d' 2 ,r '^ 2 , 1 - Indeed, 

U (c/ Adi) > U (c/ A, di, 1 ^ 2 , 2 ) • • •) d 2 ^r) ^ U{cjA, di, 1 ^ 2 , 1 , d 2 ^ 2 -i ■ ■ ■: d 2 ,r) — U (c/ A, di, d 2 ) = U (c/ Adi), 

so U{c/A,di,d 2 , 2 , ■ ■ ■ ,d 2 ,r) = U{c/A,di,d 2 ,l,d 2 , 2 , ■ ■ ■ ,d 2 ,r)- 

We have d 2 ,i ^ bc^(di, d 2 , 2 ,..., d 2 ,r), and thus, d 2 ,i Ia did 2 , 2 ,... d 2 ,r- Hence, by tran¬ 
sitivity, 

d2,l J'A dld2,2 • • • ) d2^rC- 

Then, there is some hnite set H C ^ such that a E A, d 2 ,i Ia did 2,2 • • •, d 2 ,rC and 
did 2,2 • • •, d 2 ,rC Ia a. Let d 2 i E A be such that Lt{d' 2 i/A) = Lt{d 2 A/A). Now, there 
is some / G Aut(M/Hdid 2,2 • • •, d 2 ,rc) such that /(d 2 ,i) = d' 21 . For I < i < I, denote 
d' 2 ,r+i = fid 2 ,r+i)- Then, we have 

C E bcl(C]^, • • • , d2^2') • • • 5 d2^r'! d 2 ^j.-|-l • • • 5 ^ 2 ,r +0 ^2,l5 ^)* 

We now repeat the above argument with d 2,2 in place of d 2 ,i. When choosing a hnite 
set A E A such that d 2,2 iu' did 2,3 ..., d 2 ,rC and did 2,3 ..., d 2 ,rC -A, we take care that 
a, d '2 I E A. After doing the argument r times, we have obtained elements d^ ^+ 1 ..., d'^^j^i E 
bcl^(di) such that 

C E bcl_4(ci, . . . , Cfc, d2 • • • ) ^2,r-|-Z) ®)' 

If d *2 ^j^i... Alr+i ^ E, we are done. 

If not, there are some numbers 0 < n < m < I such that (after renaming the elements 
in {dl^^i ,..., dl^^i} \{E U ^)) we have U{dli ,..., dl ,^, ..., d^^^/E U = m, 

U{d 2 i ,..., d 2 n/Ad 2 ) = n, and d 2 n+i) • • •) d 2 E bcl_4(d2, d 2 ..., d 2 n)- As d 2 i, ■ ■ ■, d 2 n ^ 
bclyt(di), we have n < U{di/E U A). Thus 

U{c/Ad2) > U{c/A,d2,d*2 i,... > U{c/A,di,d2) = U{c/Ad2), 


so 


c \^Ad2 d2A ■ ■ ■ '^2,n) 

and thus e.g. d^^^ Hence we may move d^^^,..., d^^^ to E with the same 

process as before with d 2 in place of di. We keep repeating the process, and as at every 
step we move one element to E, we will eventually have moved them all, so we get c G 
bcl^(ci ,... ,Ck,E) as wanted. 

□ 


From now on, we will simplify the notation by assuming that the elements of A are 
symbols in our language. 

Let a = fi^ 2 , c = / 2 , 2 , y = /i, 3 , 2 : = / 2 , 3 . We will hnd elements x and b so that 
{a, b, c, X, y, z} will form a group conhguration. 

Let d = (/ 3 , 2 , Jsa)- Oil® can compute using the type a of the array that 

U{d/ay) = U{d/cz) = U{d/aczy) = 1. 



50 


QUASIMINIMAL STRUCTURES, GROUPS AND ZARISKI-LIKE GEOMETRIES 


Thus, by Claim 4.18, there exists x E hcl(ay) fl bcl(cz) such that U{d/x) = 1. We prove 
that U{x) = 1. We have U{x) >1 since U{d) = 2. Now 

3 — U{x) = U{aycz/x) < U{ay/x) + U{cz/x) = U{ay) + U{cz) — 2U{x) = 4 — 2U{x), 

where we use the type of the array and the fact that x E bcl(ai/) nbcl(c 2 :). Thus, U{x) < 1. 
Let a' = fi^i, d = / 2 ,i. By the type of the array, 

U{yzlad) = U{yz/a'd) = U {yz / aca'd) = 1. 


By Claim 4.18, there exists b E bcl(ac) fl bcl(a'c') such that U{yz/b) = 1. Similarly as 
before, U{b) = 1. 

It is clear from the type of the array that 

U{z) = U{y) = U{c) = U{a) = 1, 


and 

Also, 

and 


U{z, y) = U{a, c) = U{a, y) = U{c, z) = 2. 

U (a, b,c) = U (a, y,x) = U(z, y,b) = U (z, c, x) = 2, 
U(z, X, y, a, b,c) = U(z, y, a, c) = 3 


by the type of the array and the choice of x and y. Thus, we are left to prove that the 
rest of the pairs have [/-rank 2 and that the rest of the triples have [/-rank 3. 

We prove hrst that U{a,c,y) = U{a,c,z) = 3 (and it of course follows that U{y,c) = 
U{z, a) = 2). Suppose that y E bcl(a, c). Consider the concatenated sequence (/i, 2 /i, 3 )i<aji- 
Now, there is some stationary set S <E ui and some model B such that the sequence 
{fi, 2 fi, 3 )ies is Morley over B. Let j,k E S be such that j < k. Since the sequence 
(/i, 2 / 1 , 3 ) i<uji is order indiscernible, there is some automorphism g of M such that 5'(/i, 2 / 1 , 3 ) = 
fj, 2 fj ,3 and fi'(/ 2 , 2 / 2 , 3 ) = fk, 2 fk, 3 - Since {fi, 2 fi, 3 )ies is Morley over B, there is an automor¬ 
phism TT e Aut(M/i3) such that 7r{fj,2fj,3) = fk, 2 fk ,3 and n{fk, 2 fk, 3 ) = fj, 2 fj, 3 - The map 
g~^ onog is an automorphism taking /i, 2 /i ,3 / 2 , 2 / 2 , 3 , and / 2 , 2 / 2,3 /i, 2 / 1 , 3 - Hence 


[(/l,3/l,2/2,2/0) — /(/2,3/2,2/l,2/0)- 


So, z E bcl(a,c) and U{a,c,y,z) = 2 which is a contradiction (by the type of the array it 
should be 3). One proves similarly that 2 ; ^ bcl(a, c). 

Similarly one shows that U{c, y, z) = 3. 

Now we prove U{x,z) = 2. Suppose not. Then, x E bcl( 2 ;). We chose x so that 
U{d/x) = 1. As U{d) = 2, we have U{d/z) = 1 and thus U{d,z) = 2. So, 2 ; E bcl((i) = 
bcl(/ 3^25 / 3 , 3 )- By the indiscernibility of the array, y E bcl(c, z), and we already proved this 
is not the case. Similarly, U{x,y) = 2. 

For the rest of the conditions needed for {a, b, c, x, y, z} to be a group conhguration, one 
uses properties of pregeometries and the conditions that we already proved. Eventually, 
we will have obtained a group conhguration over A, and there is some hnite A C M so 
that the conhguration is over A. Hence, we may apply Theorem 3.10 to see that the group 
exists. □ 
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4.3. Finding the gronp. In this section we will prove that the group exists. We will 
need the technical lemma that follows. Recall that the closure operator bclx is dehned so 
that bdx{Y) = bd{XY), and write dirribcix for the dimension in the pregeometry given 
by bdx- 

Lemma 4.19. Let {Aij '■ 1 < i < M,1 Y j < N), M,N > 2, he a subarray of an 
indiscernible array of size Ui x oji over some finite tuple h. Assume U{A; m, n/h) = m + n 
for any m < M, n < N, and that dimhci^{dd{Ai2A22b) ft dd{AiiA2ib)) = 2. 

Let h{Aij) —)■ b{aij) be a rank-1 specialization. Suppose Lt{aij/b) is constant with i, j, 
U{aij/b) = 1 for each pair i, j, and f/(a;2,1/6) = 2. Also assume hAijAi>j —)■ baijOi/j is 
strongly good for any i, i', j. Then a is a rank-indiscernible array of type m + n — 1 over 
b. 


Proof. Similar to the proof of Lemma 6.8 in |H] (see for details). 
Now we are ready to prove the existence of a group. 


□ 


Theorem 4.20. Let M 6e a Zariski-like structure with a non-trivial pregeometry. Then, 
there exists a Galois definable one-dimensional group in (M®'^)®'^. 


Proof. If M is locally modular, then there is a group by Remark |3.24 

So suppose M is non locally modular. By Lemma 4.14, there exists a relevant family of 
plane curves that has rank r > 2. Let a be the canonical parameter for one of the curves 
in this family, and suppose Lf{a) = r. Let {x,y) be a generic point on this curve, i.e. 
a = Ch{x,y/a). Since the family is relevant, we have x f a, y f a. We also have x fy, 
because otherwise 1 = U{xy/tl)) = U{xy/a), so xy J,0 a, which would imply a G bcl(0) 
since a is a canonical parameter. This is a contradiction, since the family has rank r > 2. 

Let Cl,... ,Cr,di,... ,dr be such that t{ci,di/a) = t{x,y/a) for 1 < i < r, and the 
sequence x, ci,..., Cr is independent over a. We claim that Lf (ci, di, ... ,Cr, dr) = 2r. For 
this, we hrst show that a G bcl(ci, di,..., Cr, dr). We have ci G bcl((ii, a), so ci Jfa di, and 
thus 


[/(ci/di) = U(ci) = U{ci/a) > U{ci/dia), 

so Cl Hence, U{a/di) > U{a/cidi). Thus, U{a/cidi) < r — 1. 

If Lf {a/Cidi,... ,Ckdif) = 0 for some k < r, then a G hc\{cidi,... ,Ckdk) so we are 
done. So suppose 0 < Lf {a / Cidi,..., Ckd^) < r — fc for some k < r. We claim that 
U{a/cidi ,..., Ckdk, Ck+idk+i) < r — k — 1. Suppose towards a contradiction that 


LfiyCxjCidi ,..., Cj^dff) Lf (yCx!Cidi ,..., Cfc_|_id/j^i). 


Then, 


(1) Cfc+ldfc+l 4-cidi,...,Cfecifc <T- 

We have 


(2) a = Ch{ck+idk+i/a) = Cb(cfc+i4+i/a, Ci4, • • •, Cfc4), 

where the second equality follows from the fact that Ck+idk+i fa cidi,... ,Ckdk. From ([^ 
and and ([^, it follows that a G bcl(cidi,..., Ckdk), a contradiction. 
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Thus, OL G bcl(ci, (ii ,... ,Cr, dr). Since the sequence {cidi)i<i<r was chosen to be inde- 

(x) gives 


pendent over a, Theorem 2.70 


U{a) + U{cidi/a) + ... + U{crdr/a) = r + r = 2r, 


so U (ci, di,..., Cr, dr) = 2r. 

Next, we show that for 1 < A; < r, U{a/ci^... ,Cr,di,..., dk) = r — k. Indeed, since 
di,... ,dr E bcl(a, Ci,..., c^), we have 

2r = U{a,ci,... ,Cr,di,... ,dk) = U (ci,..., c^, di,..., 4) + t/ (a/ci,..., c^, di,..., dk) 
= (r + k) + U{a/ci,...,Cr,di,...,dk). 


Let now C be the locus of {x,y,Ci,..., Cr, di, ..., dr) and E the locus of (ci, ..., c^, di, ..., d^ 
Then, (T is a family of plane curves parametrized by E, and C(ci,..., c^, di,..., dr) is a 
curve in this family. Denote d = (ci,..., c^, di,..., dr- 2 ) and cq = (dr-i,dr). Since 
xy ia Cidi for each z, we have a = Cb(x, z//ci,..., Cr, di,..., dr). It is interbounded with 
Co over d. Since the sequence dco = (ci,..., Cr, di,..., dr) was seen to be independent, we 
have U{eo/d) = 2. 

Let e G L^(d) be a generic element. We now write C{e; a, b) for ” (a, b) is a generic point 
of C{ed)”. We write C‘^{e;ab,a'b') if the following hold: 

(1) C{e;a,b) and C(e;a',b'); 

(2) ab Ue a'b'] 

(3) Lt{ab/de) = Lt{a'b'/de). 


Claim 4.21. Suppose a ^ a', b ^ b', and C‘^{e;ab,a'b'). Then, 
(i) e G bcl{d,a,b,a',b'). 

(ii) U{aba'b' / d) = 4. 

(Hi) deaba'b' —)■ deabab. 


Proof. Since e is interbounded with Cb(a, b/de), (i) and (ii) hold by similar arguments that 
were used above to calculate that a G bcl(ci,..., Cr, di,..., dr) and U{ci ,..., Cr, di,..., dr) = 
2 r. 

we see using similar arguments as above, that (i) holds. 

For (ii), we will apply (ZL 8 ). Let .4, be a model such that de E A and aba'b' fde A. 
Then, ab fdea'b' A, and since ab fde o!b', we get by transitivity that ab fde a'b'A, which 
implies ab ),_4 a'b'. On the other hand, we have Lt{ab/de) = Lt{a'b'/de), ab fde A and 
a'U Ide A, so Lt{ab/A) = Lt{a'b' / A). Thus, we may extend {ab, a'b') to a Morley sequence 
over A. It follows that a'b' and ab are strongly indiscernible over de. Of course also ab and 
ab are strongly indiscernible over de (just repeat ab arbitrarily many times to extend the 
sequence). Clearly dea'b' —)■ deab and deab —)■ deab, rk(de —)■ de) = 0 < 1, and de —)■ de is 
strongly good. Hence, we may apply (ZL 8 ) to get deaba'b' —)■ deabab. □ 


Pick some generic point e G E{d), and independent generics aQ,bo,a,b E M such that 
C^(e; ab, agbo) (after we have a and b, we can use Theorem 2.70 (iv) to hnd oq and bo). Let 
A be a cardinal such that A > n( 2 “i)+, and let k be a cardinal such that k > ^( 2 ^)+. Let 
ai,bj, 0 < i,j < K he a. sequence of generic elements of M independent over d such that 
Lt{aibj/daobo) = Lt{ab/daobo) for all i,j. For each pair i,j, let fij be an automorphism 
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fixing ao,bo,d such that fij{a,b) = {ai,bj). Denote Cij = fij{e). Then, C^{eij;aibj,aobo) 
holds for each pair i,j. Let Aij = {ai,bj,eij), A = {Aij)ij>i. We will next show that we 
can hnd an indiscernible array of size uji x uji such that each one of its hnite subarrays is 
isomorphic to some hnite subarray of A. 

For each i < k, denote Aj^<A = < A). Using Erdos-Rado and an Ehrenfeucht- 

Mostowski construction, one hnds a sequence such that every hnite permutation 

of the sequence preserving the order of the indices i extends to some / G Aut(M/(iao&o)- 
Moreover, an isomorphic copy of every hnite subsequence can be found in the original 
sequence (Aj,<A)i<K- This construction is due to Shelah and can be found in e.g. m, 
Proposition 2.13. (for a proof, see |23], paper II, Proposition 2.13). There it is done for a 
sequence of hnite tuples (whereas we have a sequence of sequences of length A), but the 
proof is similar in our case. 

We may now without loss assume that (A' <A)i<i*^i ^'^e the ui hrst elements in the 
sequence (v4i,<A)i<K- We may now apply the same argument to to obtain an 

array (A<a;i,j)i<a;i- This is an array of size ui x wi, indiscernible over daobo, and we may 
assume it is a subarray of the original array A. From now on, we will use A to denote this 
indiscernible array of size ui x wi. 

We write x ^ *y for (x, d, oq, &o) —t (i/, d, oq, &o)- Let Rh = An for j > 1, and write 

A — (2ljj)o<i,j<a;i • 

Claim 4.22. A A'. 


Proof. For each i < ui, consider the the sequence By Lemma 2.27, there is 

some cohnal set Xi C Ui such that {Aij)j^Xi is Morley, and thus strongly indiscernible, over 
daobo- For each j, we have Aijdaobo —)■ Andaobo- Moreover, rk(dao&o daobo) = 0 < 1 and 
daobo —t daobo is a strongly good specialization. Also, {A'-j)j^Xi is strongly indiscernible 
(since it just repeats the same entry). Thus, by (ZL8), there is, for each i, a specialization 
i^ij)jex, -U (A'jOjeXr If we enumerate the set again, using the order type of cui, then 
we get (we still use the notation with the index set Xi to denote that the sequence so 
indexed is the Morley one) 


(^u)j6a;i -t* {Aij)j(,Xi -t* (AL)jeAi “t* (AL)jg^j, 
so in particular (Ajj)jg^^ 

To prove that A —)■* A', it suffices to show (Aij)i^i^^j^j —>■* (A(j)i<aji,jeJ for all hnite 
J <Z oJi- So, let J C cji be hnite. Since (Ajj)jg^j holds for every i, we have 

(^u)ieJ -t* (AL)jej for every i G Wi. Thus, applying (ZL8) similarly as we did above, we 
obtain (Ajj)j<t^^jgj —>•* (AL)j<t^^jgj, as wanted. It then follows that A —)■* A'. □ 

Let A'b = (ao,6o,ea), and write A” = {A'b)o<i,j<Ln- 


Claim 4.23. A' A". 


Proof. As AL and A"- do not depend on j and as specializations respect repeated entries, 
it suffices to show that (A)-^ : i) —)■* {A'f : i). By Claim 4.21 (hi), dao&o^i —t dao&o^o- By 


Claim 4.21 (ii), we have U{aoboaibijd) = 4, so {d,ao,bo,bi) is a generic point of 


(remember that d is an independent tuple), and this is a strongly good specialization. It 
is also clearly of rank 1. By Claim [tM] (hi), (a,, 6i, Cji, d, oq, &o) —t (oq, &o, Cji, d, oq, &o) 
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for every given i. Thus, we may apply (ZL8) similarly as in the proof of the previous 
claim. □ 


Claim 4.24. If {i,j) ^ {f.f'), then Cij Uaobo e* 


Proof. Suppose not. By the same arguments that we used to prove Claim 4.21 (i), 


U{cij/daobo) = 1, and eij G hc\{daoboaibj). From the hrst of these statements it follows that 
Cij G hc\{daoboei'j>), since the counterassumption gives us U{cij/daob^Ciiji) < U{cij/daobo). 
From the second statement it follows that aibj dominates over da^bQ. Similarly, Oj/fey 
dominates Cj/j/ over dao&o- Suppose first i ^ i' and j ^ j'. Then, Oibj 4,rfaobo cn'hf 
(the sequence was chosen to consist of elements independent over d), and by domination 


(^ij 4-dao6o ^ coutradictiou. 


Suppose now i = i' and j ^ j' (the other case is symmetric). Similarly as before, we 
get that bj dominates 6*^ over daoboOi and dominates e^/ over daob^Oi. As bj fdaohoai bf, 
we get that eij fdaoboai ep'. Thus, to get a contradiction it suffices to show that Oj faobo 
since j-daofto then follows by transitivity. Suppose not. As U{eij/daobo) = 1, we 
must now have Cij G bcl((iaofeoai). But then we have bj G hc\{daieij) C bcl((iao&oOi) which 
is a contradiction since the sequence ao,bo,ai, bj was chosen to be independent over d. □ 


By claims (4.22) and (4.23), A —)■* A”. We will apply (ZL9) to this specialization and 
eventually obtain an inhnite rank-indiscernible array A* such that A —)■ A* —)■ A". The 
array A* will be of type m -|- n — 1 over the parameters daobo, as desired. 

Let now A*^ be a hnite subarray of A containing the entry An, and let A^^' be the 
corresponding hnite subarray of A". The specialization A —)■* A" induces a specialization 
A° —)■* A^”. After suitably rearranging the indices, we may view these hnite arrays as 
tuples and assume that the tuple on the left begins with “aoai...”, whereas the tuple 
on the right begins with “oono • • By Remark 4.6, the dimension theorem holds, and 


thus there is a hnite array A°* such that da^boA^ —)■ d'aQpQA^* —)• da^boA^" for some 
d',aQ,bQ, A°n = for some bl, e^, and U{A^) — U{A^*) < 1. In particular, we have 

dao^o —t d'a'^pQ —)• dao&o- By (ZL3) this implies that t^^daobo/t/)) = t^^d'aQpQ/(/)). Thus, 
we may assume that d'a'QpQ = da^bo (if it is not, then just apply to the array A°* an 
automorphism taking d'a^b'^ i—)■ daobo). In particular, we may assume A° —)■* A°* —>■* A^" 
and A°)(^ = for some b\ and 


Claim 4.25. The array A*^* is of type m + n — 1 over da^bo. 


Proof. We will show that the assumptions posed for A and a in Lemma 4.19 hold for A° 
and A°*, respectively, over the parameters daobo. The claim then follows from the lemma. 

(i), Cij G hd{daoboaibj) . Thus, as the elements ai,bj were chosen to be 


By Claim 4.21 


independent over d for i,j > 0, we have fl(A; 1, 1/daobo) = 2, and it is easy to show by 
induction that U{A;m,n/daobo) = m + n. Write C = A 11 A 21 and C = Ai 2 A 22 - Now 
U{C/daobo) = U{C/daobo) = 3, and U{C O C/daobo) = 2. Thus, 

2 < dimbci(dcl(C'dao&o) A dc\{C'daobo)/daobo) < 3. 


Denote X = dc\{Cdaobo) fl dcl(C"daofeo), and suppose dimbci(W/(iao&o) = 3. Since X C 
hc\{Cdaobo), we must have bcl(X) = hc\{Cdaobo). But this is impossible since bi G 
hc\{Cdaobo) \bcl(X). Thus, dimbci(W/(iao&o) = 2. 
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Similarly as in the proof of Lemma 6.10 in | 8 ] (see [21] for details), one shows that 
satishes the assumptions posed for a in Lemma |4.19|over the parameters. By Lemma |4.19 
is of type m + n — 1 over daobo- 

□ 

Next, we apply (ZL9) to the specialization A —>■* A!’ to eventually obtain an inhnite 
indiscernible array of type m + n — 1 over daobo. Enumerate the elements on the left 
side of the specialization so that oq is the element enumerated by 0 and ai the element 
enumerated by 1 , and use a corresponding enumeration on the right side (there, both 
the element enumerated by 0 and the element enumerated by 1 will be Oq). Let S' be a 
collection of index sets corresponding to all m x n subarrays of A containing the entry An 
for all natural numbers m, n. Moreover, we add 0 to every X E S. The set S is unbounded 
and directed, and by what we just proved, every X E S corresponds to an array A*^ of 
type m + n — 1 over daobo (we get the correspondence by removing the element indexed by 
0 from each X). Thus, the conditions of (ZL9) hold for the set S, and hence we obtain an 
inhnite array A* where each mxn -subarray containing the entry A^ has [/-rank m+n — 1 
over daobo (note that each mxn -subarray of A has rank m + n). 

We claim that A* is actually of type m -|- n — 1 over daobo- To prove this, let A^* be an 
arbitrary mo x no subarray of A*. Then, there is some (mo -|- 1) x (no -l- 1) subarray A^* 
of A* such that A^ contains the entry Ah and A^* is a subarray of A^*. We have already 
shown that A^* is of type m -1- n — 1 over daobo- Hence, U{Aq/ daobo) = mo -|- no — 1, as 
wanted. 


We wish to apply Lemma 4.17 to show that there is a 1-dimensional Galois-dehnable 
group in (M®'^)®'^. For this, we need A* to be indiscernible. However, if in the beginning of 
this proof, when we started to construct the array A, we have chosen the cardinals k and 
A to be large enough, then we may assume that A and thus A* is big enough that we may 
apply the Shelah trick again. Thus, we may without loss suppose that A* is indiscernible. 
By Lemma 4.17, there is a 1-dimensional Galois-dehnable group in (M®'^)®'^. □ 
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